AF-embedding of the crossed products of AH-algebras by finitely
  generated abelian groups by Lin, Huaxin
ar
X
iv
:0
70
6.
22
29
v2
  [
ma
th.
OA
]  
17
 Ju
n 2
00
7
AF-embedding of the crossed products of AH-algebras by finitely
generated abelian groups
Huaxin Lin
Abstract
LetX be a compact metric space and let Λ be a Zk (k ≥ 1) action onX.We give a solution
to a version of Voiculescu’s problem of AF-embedding: The crossed product C(X) ⋊Λ Z
k
can be embedded into a unital simple AF-algebra if and only if X admits a strictly positive
Λ-invariant Borel probability measure.
Let C be a unital AH-algebra, let G be a finitely generated abelian group and let Λ :
G → Aut(C) be a monomorphism. We show that C ⋊Λ G can be embedded into a unital
simple AF-algebra if and only if C admits a faithful Λ-invariant tracial state.
1 Introduction
Quasidiagonality for crossed product C∗-algebras were studied by Dan Voiculescu ([63]), [64]
and [65]). Quasidiagonality in C∗-algebras has been studied for a long time in many different
point of views (see [10] for more information, also [17], [58], [26], [56], [57], [66], [5], [6], [7], [18],
[13] and [14], to name a few). Let X be a compact metric space and α be a homeomorphism
on X. It was proved by Pimsner ([53]) that C(X) ⋊α Z is quasidiagonal if and only if α is
pseudo-non-wondering, and if and only if C(X) ⋊α Z can be embedded into an AF-algebra. A
more general question is when A⋊α Z can be embedded into an AF-algebra, where α ∈ Aut(A)
is an automorphism on A and where A is a unital separable C∗-algebra which can be embedded
into a unital simple AF-algebra. Let Λ be a Z2 action on X. Dan Voiculescu (4.6 of [65] ) asked
when C(X)⋊Λ Z
2 can be embedded into an AF-algebra.
For the first question, there are some significant progresses around the turn of the century.
Let A be an AF-algebra and α ∈ Aut(A) be an automorphism. Nate Brown ([8]) proved (1998)
that A⋊α Z can be embedded into an AF-algebra if and only if A⋊α Z is quasidiagonal. More
importantly, a K-theoretical necessary and sufficient condition for A⋊α Z being quasidiagonal
is also given there. When A is a unital simple AT-algebra of real rank zero, Matui (around
2001) ([51]) showed that A⋊α Z can always be embedded into a unital simple AF-algebra. We
find that it is particularly important to know when a crossed product can be embedded into a
unital simple AF-algebra. More recently, it was proved ([49]) that, for any unital AH-algebra
A, A ⋊α Z can be embedded into a unital simple AF-algebra if (and only if) A has a faithful
α-invariant tracial state. Note that A is not assumed to have real rank zero, nor simple.
It is much more difficult to answer the Voiculescu question above. However, there were some
progresses made in last 15 years or so. H. Matui ([51]) showed that under some additional
condition on the action, C(X) ⋊Λ Z
2 can be embedded into an AF-algebra. N. Brown ([9])
proved that if A is a UHF-algebra and Λ : Zk → Aut(A) is a homomorphism then A⋊Λ Z
k can
be embedded into an AF-algebra.
Suppose that there is a unital monomorphism h : C(X) ⋊Λ Z
k → A for some unital simple
AF-algebra. Suppose that τ is a tracial state on A. Then τ ◦h gives a strictly positive Λ-invariant
probability Borel measure (every non-empty open set has a positive measure). In other words,
τ ◦h is a faithful Λ-invariant tracial state. The main result of this paper is to show the following
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theorem: Let C be a unital AH-algebra, let G be a finitely generated abelian group and let
Λ : G → Aut(C) be a homomorphism. Then the crossed product C∗-algebra C ⋊Λ G can be
embedded into a unital simple AF-algebra if and only if C has a faithful Λ-invariant tracial
state. In particular, when A = C(X) and G = Zk, this result implies that C(X) ⋊Λ Z
k can be
embedded into a unital simple AF-algebra if and only if X admits a strictly positive Λ-invariant
Borel probability measure.
In [8], [51], as well as in [10], a version of so-called Berg’s technique combined together with
a version of Rokhlin property played an important role. Let C be a unital separable amenable
C∗-algebra and let α ∈ Aut(C) be an automorphism. Suppose that one can formulate a right
condition for two unital monomorphisms ϕ1, ϕ2 : C → A, where A is a unital simple AF-
algebra, to be asymptotically unitarily equivalent, i.e., there is a continuous path of unitaries
{ut : t ∈ [0,∞)} of A such that
lim
t→∞
adut ◦ ϕ1(a) = ϕ2(a)
for all a ∈ C. Then the technique developed in the above mentioned articles can be used to
prove that C⋊αZ can be embedded into a unital simple AF-algebra (see 5.5 of [48]). In [49], we
present a necessary and a sufficient K-theoretical condition for ϕ1 and ϕ2 being asymptotically
unitarily equivalent in the case that C is a unital AH-algebra. From this, we obtain a necessary
and sufficient condition for C ⋊α Z to be embedded into a unital simple AF-algebra in the case
that C is a unital AH-algebra mentioned above (see 10.5 of [49]). However, it is not clear how
to formulate a higher dimensional version of Berg’s technique.
On the other hand, one may write C ⋊Λ Z
2 = (C ⋊α1 Z) ⋊α2 Z for some automorphisms
α1 and α2 on C. To prove a true asymptotic unitary equivalence theorem for C
∗-algebras with
the form C ⋊α1Z as above seems to require much more general theory for the classification of
amenable C∗-algebras. However, we try to pass it via a special path. Given two monomorphisms
ϕ1, ϕ2 : C ⋊α1 Z → A, where A is a unital simple AF-algebra with a unique tracial state and
K0(A) = ρA(K0(A)), i.e., K0(A) has no infinitesimal elements, we will give a (necessary and
sufficient) condition for their induced maps ϕ
(1)
1 , ϕ
(1)
2 from C ⋊α1Z to B, a larger simple AF-
algebra, to be asymptotically unitarily equivalent. This will lead to a monomorphism from
C ⋊Λ Z
2 into another unital simple AF-algebra.
To establish such a result, as in the case of AH-algebra (see [49]), it requires some version of
so-called Basic Homotopy Lemma for the crossed products. It in turn requires an approximate
unitary equivalence theorem for the crossed products. Our strategy is first to prove such a
result. This requires a non-commutative version of Berg’s technique and a version of Rokhlin
property as well as a uniqueness theorem for monomorphisms from an AH-algebra. We also
need an existence type theorem to provide the needed bott map. Combining these, we are able
to establish the required homotopy lemma. Finally, to obtain similar results beyond Z2 action,
one uses the induction. Several arguments will be repeated.
The paper is organized as follows: Section 2 provides a number of conventions, facts and
reviews a couple of known results which will be used several times in the proof. Section 3 is
devoted to the approximate unitary equivalence for monomorphisms from the crossed products.
In section 4, we show that the prescribed bott map can be constructed using some existing
knowledge. Section 5 establishes the required homotopy lemma. In section 6, we proved the
needed asymptotic unitary equivalence theorem for the crossed products. In section 7, we present
the theorem that C ⋊Λ Z
2 can be embedded into a unital simple AF-algebra if and only if C
admits a faithful Λ-invariant tracial state. Section 8 provides some absorption lemma. Finally,
in section 9, we use the induction to prove the main embedding theorem.
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2 Preliminaries
2.1. Let A be a C∗-algebra. Denote by T (A) the tracial state space of A and denote by
Aff(T (A)) the space of all real affine continuous functions on T (A). Denote by ρA : K0(A) →
Aff(T (A)) the positive homomorphism defined by ρA([p]) = τ ⊗ Tr(p) for all τ ∈ T (A) and
projections p ∈Mk(A), where Tr is the (non-normalized) standard trace.
2.2. Let U(A) be a unitary group of A. Denote by Aut(A) the automorphism group. If u ∈ U(A),
denote by adu the inner automorphism defined by adu(a) = u∗au for all a ∈ A.
2.3. A C∗-algebra A is an AH-algebra if A = limn→∞(An, ψn), where each An has the form
PnMk(n)(C(Xn))Pn, where Xn is a finite CW complex (not necessarily connected) and Pn ∈
Mk(n)(C(Xn)) is a projection.
We use ψn,∞ : An → A for the induced homomorphism. Note that every separable commu-
tative C∗-algebra is an AH-algebra. AF-algebras and AT-algebras are AH-algebras.
2.4. Denote by N the class of separable amenable C∗-algebras which satisfies the Universal
Coefficient Theorem ([59]).
2.5. Let X be a compact metric space. Denote by Homeo(X) the group of all homeomorphisms
on X.
2.6. Let A and B be two C∗-algebras and let L1, L2 : A → B be two maps. Let ǫ > 0 and
F ⊂ A be a subset. We write
L1 ≈ǫ L2 on F ,
if
‖L1(a)− L2(a)‖ < ǫ for all a ∈ F .
We say map L1 is ǫ-F-multiplicative if
‖L1(ab)− L1(a)L1(b)‖ < ǫ for all a, b ∈ F .
Definition 2.7. Let A and C be two unital C∗-algebras and let ϕ1, ϕ2 : C → A be two unital
monomorphisms. Define the mapping torus
Mϕ1,ϕ2 = {f ∈ C([0, 1], A) : f(0) = ϕ1(c), f(1) = ϕ2(c) for some c ∈ C}.
One obtains an exact sequence:
0→ SA
ı
→Mϕ,ψ
π0→ C → 0. (e 2.1)
Denote by πt :Mϕ1,ϕ2 → C the point-evaluation at t (t ∈ [0, 1]).
Suppose that C is a separable amenable C∗-algebra. From (e 2.1), one obtains an element
in Ext(C,SA). In this case we identify Ext(C,SA) with KK1(C,SA) and KK(C,A).
Suppose that [ϕ] = [ψ] in KK(C,A) and C satisfies the Universal Coefficient Theorem, using
Dadarlat-Loring’s notation, one has the following splitting exact sequence:
0→ K(SA)
[ı]
→K(Mϕ1,ϕ2)
[π0]
⇄ θ K(C)→ 0. (e 2.2)
In other words there is θ ∈ HomΛ(K(C),K(Mϕ1,ϕ2)) such that [π0] ◦ θ = [idC]. In particular,
one has a monomorphism θ|K1(C) : K1(A)→ K1(Mϕ,ψ) such that [π0] ◦ θ|K1(A) = (idC)∗1. Thus,
one may write
K1(Mϕ1,ϕ2) = K0(A)⊕K1(C). (e 2.3)
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Definition 2.8. Suppose that T (A) 6= ∅. Let u ∈ Ml(Mϕ,ψ) be a unitary which is a piecewise
smooth function on [0, 1]. For each τ ∈ T (A), we denote by τ for the trace τ ⊗ Tr on Ml(A),
where Tr is the standard trace on Ml. Define
Rϕ,ψ(u)(τ) =
1
2πi
∫ 1
0
τ(
du(t)
dt
u(t)∗)dt. (e 2.4)
Rϕ,ψ(u)(τ) is real for every τ ∈ T (A).
Suppose that [ϕ1] = [ϕ2] in KL(C,A). We also assume that
τ(ϕ1(c)) = τ(ϕ2(c)) for all c ∈ C and τ ∈ T (A). (e 2.5)
Exactly as in section 2 of [30], one has the following statement:
When [ϕ1] = [ϕ2] in KL(C,A) and (e 2.5) holds, there exists a homomorphism
Rϕ,ψ : K1(Mϕ,ψ)→ Aff(T (A))
defined by
Rϕ,ψ([u])(τ) =
1
2πi
∫ 1
0
τ(
du(t)
dt
u(t)∗)dt.
We will call Rϕ,ψ the rotation map for the pair ϕ and ψ.
Suppose also that τ ◦ ϕ1 = τ ◦ ϕ2 for all τ ∈ T (A). Then one obtains the homomorphism
Rϕ,ψ ◦ θ|K1(C) : K1(C)→ Aff(T (A)). (e 2.6)
To keep the same notation as in [30], we write
η˜ϕ1,ϕ2 = 0,
if Rϕ,ψ ◦ θ = 0, i.e., θ(K1(C)) ∈ kerRϕ1,ϕ2 for some such θ. Thus, θ also gives the following:
kerRϕ,ψ = kerρA ⊕K1(C).
Under the assumption that [ϕ1] = [ϕ2] in KK(C,A) and τ ◦ϕ1 = τ ◦ϕ2 for all τ ∈ T (A), and
if, in addition, Ki(C) is torsion free, such θ exists whenever ρA(K0(A)) = Rϕ1,ϕ2(K1(Mϕ1,ϕ2))
and the following splits:
0→ kerρA → kerRϕ1,ϕ2 → K1(A)→ 0.
For further information about rotation maps, see section 2 of [30] and section 3 of [49].
2.9. Let A be a unital amenable C∗-algebra, let B be a unital C∗-algebra and let h : A→ B be
a homomorphism. Suppose that v ∈ U(B). We will refer to [47] for the definition of Bott(h, v)
and bott1(h, v).
Given a finite subset P ⊂ K(A), there exists a finite subset F ⊂ A and δ0 > 0 such that
Bott(h, v)|P
is well defined, if
‖[h(a), v]‖ = ‖h(a)v − vh(a)‖ < δ0 for all a ∈ F
(see 2.10 of [47]).
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There is δ1 > 0 ([50]) such that bott1(u, v) is well defined for any pair of unitaries u and v
such that ‖[u, v]‖ < δ1. As in 2.2 of [22], if v1, v2, ..., vn are unitaries such that
‖[u, vj ]‖ < δ1/n, j = 1, 2, ..., n,
then
bott1(u, v1v2 · · · vn) =
n∑
j=1
bott1(u, vj).
We will also use β for the usual homomorphism from K1(A) to K0(A⊗ C(T)).
See section 2 of [47] for the further information.
Definition 2.10. Denote by U throughout this paper the universal UHF-algebra U = ⊗n≥1Mn.
Let {e
(n)
i,j } be the canonical matrix units for Mn. Let un ∈ Mn be the unitary matrix such
that ad un(e
(n)
i,i ) = e
(n)
i+1,i+1 (modulo n). Let σ = ⊗n≥1adun ∈ Aut(U) be the shift (see for
example Example 2.2 of [8]). A fact that we will use in this paper is the following cyclic Rokhlin
property that σ has: For any integer k > 0, any ǫ > 0 and any finite subset F ⊂ U , there exist
mutually orthogonal projections e1, e2, ..., ek ∈ U such that
∑k
i=1 ei = 1U , ‖xei− eix‖ < ǫ for all
x ∈ F and σ(ei) = ei+1, i = 1, 2, ..., k (ek+1 = e1).
Denote Uk =
k︷ ︸︸ ︷
U ⊗ U ⊗ · · · ⊗ U . We note that Uk ∼= U .
Throughout this paper, U and σ will be as the above.
Definition 2.11. It follows from [51] (and its proof) that there is a unital monomorphism
j : U ×σ Z → U . However, in this case, more is true. First [σ] = [id|U ] in KK(U ,U) and
τ = τ ◦ σ. Since K1(U) = {0}, K1(MidU ,σ) = K0(U). In particular (see [30]), there exists a
continuous path of unitaries {v(t) : t ∈ [0,∞)} of U such that
lim
t→∞
v(t)∗av(t) = σ(a) for all a ∈ U . (e 2.7)
Therefore, as in [51], there is a unital embedding ϕ : U ⋊σ Z→ U such that
τ ◦ ϕ = τ. (e 2.8)
Define ψ : U⋊σZ→ U⊗U by ψ(a) = ϕ(a)⊗1U for all a ∈ U and ψ(uσ) = ϕ(uσ)⊗ϕ(u
∗
σ). Then
ψ is a unital monomorphism. Denote by s : U ⊗ U → U an isomorphism with s∗0 = idK0(U⊗U).
We define ı : U ⋊σ Z→ U by s ◦ ψ.
In what follows, ı will be used without further explanation.
Lemma 2.12. Let C be a unital separable C∗-algebra and let α ∈ Aut(C) be an automorphism.
Let B be a unital separable amenable C∗-algebra. Suppose that ϕ : C ⋊α Z → B is a unital
homomorphism such that ϕ|C is injective. Define a unital homomorphism ϕ
(1) : C⋊αZ→ B⊗U
defined by ϕ(1)(c) = ϕ(c) ⊗ 1U for all c ∈ C and ϕ
(1)(uα) = ϕ(uα)⊗ ı(uσ).
Then ϕ(1) is a monomorphism.
Proof. Let C1 = (C ⊗U)⋊α⊗σ Z. Then α⊗σ is known to have the cyclic Rokhlin property (see
2.10). We view U as a C∗-subalgebra of U⋊σZ. Define ψ : C1 → B⊗U by ψ(c⊗b) = ϕ(c)⊗ ı(b)
for all c ∈ C and b ∈ U and ψ(uα⊗σ) = ϕ(uα) ⊗ ı(uσ). Then C1|C⊗U is injective. Since α ⊗ σ
has the cyclic Rokhlin property, by Lemma 4.1 of [46], ψ is injective. Let j0 : C ⋊α Z → C1
be defined by j0(c) = c ⊗ 1U for c ∈ C and j0(uα) = uα⊗σ. Then j0 is an embedding. Note
ϕ(1) = ψ ◦ j0.
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Theorem 2.13. (Corollary 4.8 of [44]) Let C be a unital AH-algebra and let τ0 ∈ T (C) be a
faithful tracial state.
Let ǫ > 0, F ⊂ C be a finite subset. There exists δ > 0, σ > 0, a finite subset G and a finite
subset P ⊂ K(C) satisfying the following:
For any unital simple C∗-algebra with tracial rank zero with a unique tracial state τ ∈ T (A),
any two unital δ-G-multiplicative contractive completely positive linear maps L1, L2 : C → A
such that
[L1]|P = [L2]|P and (e 2.9)
τ ◦ Li ≈σ τ0 on G, (e 2.10)
there exists a unitary w ∈ U(A) such that
adw ◦ L1 ≈ǫ L2 on F . (e 2.11)
Proof. It is clear that the general case can be reduced to the case that C = PMk(C(X))P, where
X is a finite-dimensional compact metric space and P ∈ Mk(C(X)) is a projection. Since τ0 is
fixed, the statement follows from Cor. 4.8 of [44].
The following is a direct application of a theorem Choi and Effros ([12], see 5.10.10 of [35]).
Proposition 2.14. Let A be a separable amenable C∗-algebra. For any ǫ > 0 and finite subset
F ⊂ A, there is δ > 0 and a finite subset G ⊂ A satisfying the following:
For any C∗-algebra B and any self-adjoint linear map L : A→ B which is δ-G-multiplicative,
there exists an ǫ-F-multiplicative contractive completely positive linear map ϕ : A → B such
that
L ≈ǫ ϕ on F . (e 2.12)
If, furthermore, A has a unital, one may assume that ϕ(1A) is a projection.
3 Approximate unitary equivalence
Lemma 3.1. Let C be a unital amenable separable C∗-algebra and α ∈ Aut(C) be an automor-
phism. For any ǫ > 0, L > 0 and finite subset F ⊂ C, there is δ > 0 and a finite subset G ⊂ C
satisfying the following:
Suppose that A and B are two unital amenable separable C∗-algebras, ϕ : C ⋊α Z → A and
ψ : U ⋊σ Z → B are two unital monomorphisms. Fix unitaries u1 ∈ A, u2 ∈ B such that
u∗1ϕ(a)u1 = ϕ(α(a)) for all a ∈ C and u
∗
2ψ(b)u2 = ψ(σ(b)) for all b ∈ U . Suppose that there is a
unitary v ∈ U(A) and a continuous path of unitaries {vt : t ∈ [0, 1]} ⊂ A⊗ 1 such that
v0 = 1, v1 =
n−1∏
j=0
(un−1−j)∗(v ⊗ 1B)u
n−1−j, (e 3.13)
‖[v, ϕ(a)]‖ < δ, ‖[vt, ϕ(a)⊗ 1B ]‖ < δ for all a ∈ G and t ∈ [0, 1], (e 3.14)
and Length({ut}) ≤ L and (L+ 1)/n < ǫ/2, (e 3.15)
where u = u1 ⊗ u2, then there is a unitary w ∈ A⊗B such that
adw ◦ ϕ(a) ≈ǫ ϕ(a) for all a ∈ F and w
∗u(v ⊗ 1B)w ≈ǫ u, (e 3.16)
where we identify a with a⊗ 1 for a ∈ A.
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Proof. Fix ǫ > 0. We may assume that F is in the unit ball of C. Put δ = ǫ4n(n+1) . Let
G = ∪−2n≤j≤2nα
j(F). Suppose that {vt} satisfies the assumption.
There are mutually orthogonal projections q1, q2, ..., qn ∈ ψ(U) with
∑n
j=1 qj = 1U such that
u∗2qju2 = qj+1, j = 1, 2, ...., n (qn+1 = q1). (e 3.17)
Define ei = 1⊗ qi, i = 1, 2, ..., n + 1 with en+1 = e1.
In what follows, we will identify an element a ∈ A with the element a⊗ 1 in A⊗B whenever
it is convenient. So we may write that v = v ⊗ 1 and note that
v1 = ((u
n−1)∗vun−1)((un−2)∗vun−2)((un−3)∗v(un−3) · · · u∗vuv.
There are y1, y2, ..., yn ∈ {vt} ⊂ A⊗ 1 such that
y1 = 1, yn = v1 and ‖yj − yj+1‖ <
L
n
, j = 1, 2, ..., n. (e 3.18)
Put x1 = y
∗
1, x2 = y1y
∗
2, x3 = y2y
∗
3,..., xn−1 = yn−2y
∗
n−1 and xn = yn−1y
∗
n. Note that
‖[ϕ(a), xj]‖ < 2δ for all a ∈ G, j = 1, 2, ..., n. (e 3.19)
Put
sj = v
∗u∗vu · · · (uj−1)∗v∗uj−1, j = 1, 2, ..., n − 1
Define
η1 = u
n−1s∗n−1x1sn−1(u
n−1)∗ (e 3.20)
η2 = u
n−2s∗n−2x2sn−2(u
n−2)∗, (e 3.21)
· · · , (e 3.22)
ηn−2 = u
2s∗2xn−2s2(u
2)∗ = u2(u∗vu)vxn−2v
∗(u∗v∗u)(u2)∗ (e 3.23)
ηn−1 = uvxn−1v
∗u∗ (e 3.24)
ηn = xn. (e 3.25)
Note that
ϕ(a)uvu∗ = uu∗ϕ(a)uvu∗ = uϕ ◦ α(a)vu∗ (e 3.26)
≈δ uvϕ ◦ α(a)u
∗ (e 3.27)
= uvu∗uϕ ◦ α(a)u∗ = uvu∗ϕ(a) (e 3.28)
for all a ∈ ∪−2(n−1)≤j≤2(n−1)α(F). It follows that
‖[ϕ(a), ηj ]‖ < 2(n − j + 1)δ for all a ∈ ∪−2(n−j)≤j≤2(n−j)α
j(F) (e 3.29)
and for j = 1, 2, ..., n. Put
d1 = e1vη1e1, d2 = e2vη2e2, d3 = u
∗d2uvη3e3, ... (e 3.30)
dj+1 = u
∗djuvηj+1ej+1, ..., dn = u
∗dn−1uvηnen. (e 3.31)
Note that
dn = (u
2)∗dn−2u
2u∗v(uvxn−1v
∗u∗)uvηnen (e 3.32)
= (u2)∗dn−2u
2u∗vuvxn−1xnen (e 3.33)
= (u3)∗dn−3u
3(u2)∗v(u2u∗vuvxn−2v
∗(u∗vu)(u2)∗)(u2u∗vuvxn−1xnen) (e 3.34)
= (u3)∗dn−3u
3(u2)∗vu2u∗vuvxn−2xn−1xnen (e 3.35)
· · · (e 3.36)
= v1x1x2 · · · xnen = en (e 3.37)
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Define
Z =
n∑
j=1
dj . (e 3.38)
Note that Z ∈ U(A⊗B). We estimate that
ϕ(a)d1 = e1ϕ(a)ve1η1e1 (e 3.39)
≈δ e1vϕ(a)η1e1 (e 3.40)
≈2nδ e1vη1e1ϕ(a) = d1ϕ(a) (e 3.41)
for all a ∈ G. Suppose that we have shown
ϕ(a)dj ≈(j(2n+3)−j(j+1))δ djϕ(a) for all a ∈ ∪−2(n−j)≤i≤2(n−j)α
i(F). (e 3.42)
ϕ(a)dj+1 = ϕ(a)u
∗djuvηjej+1 (e 3.43)
= u∗ϕ ◦ α−1(a)djuvηjej+1 (e 3.44)
≈(j(2n+3)−j(j+1))δ u
∗djϕ ◦ α
−1(a)uv1ηjej+1 (e 3.45)
= u∗djuϕ(a)vηjej+1 (e 3.46)
≈δ u
∗djuvϕ(a)ηjej+1 (e 3.47)
≈2(n−j)δ u
∗djuvηjej+1ϕ(a) (e 3.48)
for all a ∈ ∪−2(n−j−1)≤i≤2(n−j−1)α
i(F). In other words,
ϕ(a)dj+1 ≈(j+1)(2n+3)−(j+1)(j+2)δ dj+1ϕ(a) (e 3.49)
for all a ∈ ∪−2(n−j−1)≤i≤2(n−j−1)α
i(F). It follows that
‖[Z, ϕ(a)]‖ < 2n(n+ 1)δ for all a ∈ F . (e 3.50)
Note that
‖ηj − 1‖ < L/n < ǫ/2, j = 1, 2, ..., n. (e 3.51)
We then compute that
Z∗uZ = d∗nenue1d1 +
n−1∑
j=1
d∗jejuej+1dj+1 (e 3.52)
= enuvη1e1 +
n−1∑
j=1
u(u∗d∗juej+1dj+1) (e 3.53)
= enuvη1e1 +
n−1∑
j=1
u(u∗d∗juej+1u
∗djuvηjej+1) (e 3.54)
= enuvη1e1 +
n−1∑
j=1
uej+1vηjej+1 (e 3.55)
≈ǫ enuve1 +
n−1∑
j=1
uvej+1 = uv (applying(e 3.51)). (e 3.56)
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Put w = Z∗. It follows from (e 3.50) that
adw ◦ ϕ(a) ≈ǫ ϕ(a) for all a ∈ F . (e 3.57)
Moreover, by (e 3.52),
w∗(u1v ⊗ u2)w = Z(u1v ⊗ u2)Z
∗ ≈ǫ u. (e 3.58)
Lemma 3.2. Let C be a unital AH-algebra and let α ∈ Aut(C) be an automorphism. Suppose
that A and B are two unital simple C∗-algebras with tracial rank zero, ϕ : C ⋊α Z → A and
ψ : U ⋊σ Z→ B are two unital monomorphisms.
For any ǫ > 0 and any finite subset F ⊂ C, there is δ > 0, a finite subset G ⊂ C and a finite
subset P ⊂ K(C) satisfying the following:
Fix unitaries u1 ∈ A, u2 ∈ B such that u
∗
1ϕ(a)u1 = ϕ(α(a)) for all a ∈ C and u
∗
2ψ(b)u2 =
ψ(σ(b)) for all b ∈ U . Suppose that there is a unitary v ∈ U(A) such that
‖[v, ϕ(a)]‖ < δ, for all a ∈ G and Bott(ϕ, v)|P = 0, (e 3.59)
then there is a unitary w ∈ A⊗B such that
w∗(ϕ(a) ⊗ 1B)w ≈ǫ ϕ(a)⊗ 1B for all a ∈ F and w
∗u(v ⊗ 1B)w ≈ǫ u, (e 3.60)
where u = u1 ⊗ u2.
Proof. Fix a finite subset F ⊂ C and ǫ > 0. Define ϕ′ : C → A⊗B by ϕ′(c) = ϕ(c)⊗ 1B for all
c ∈ C.
Let δ1 > 0 (in place of δ) and G1 ⊂ C (in place of G) be a finite subset required by 3.1 for
L = 2π + 1.
Let n ≥ 1 be an integer such that 2π+1n < min{ǫ/2, δ1/2}.
Let δ2 > 0 (in place of δ), G2 ⊂ C (in place of G) be a finite subset and let P1 ⊂ K(C) be
a finite subset required by 17.9 of [47] corresponding to δ1/2 (in place of ǫ), G1 (in place of F)
and ϕ′|C .
Without loss of generality, to simplify notation, we may assume that F , G1 and G2 are all in
the unit ball of C. We may further assume that δ2 < min{δ1/2, ǫ/2}.
Define
v1 =
n−1∏
j=0
(un−1−j)∗(v ⊗ 1)un−1−j , (e 3.61)
where u = u1 ⊗ u2. Note that v1 ∈ A⊗ 1. Define
G = ∪2nk=−2nα
k(G2) and P = ∪
2n
k=−2n[α
k](P1).
Let δ > 0 so that δ < δ2/2n
2.
Suppose that
‖[ϕ(c), v]‖ < δ for all c ∈ G and Bott(ϕ, v)|P = 0. (e 3.62)
We may also assume that Bott(h′, v′)|P is well defined provided that
‖[h′, v′]‖ < n2δ < δ2/2 (e 3.63)
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for any unital homomorphism h′ from C and any unitary v′.
Note we have
Bott(ϕ′, v ⊗ 1B)|P = 0. (e 3.64)
Note that,
ϕ′(a)u∗(v ⊗ 1B)u = u
∗ϕ′(α−1(a))(v ⊗ 1B)u (e 3.65)
≈δ u
∗(v ⊗ 1B)ϕ
′(α−1(a))u (e 3.66)
= u∗(v ⊗ 1B)uϕ
′(a) (e 3.67)
for all a ∈ ∪2n−1k=−2n+1α
k(G2). It follows that
‖[ϕ′(a), v1]‖ < nδ < δ2/2n for all a ∈ G2. (e 3.68)
By (e 3.64), we have that
Bott(ϕ′, (uj)∗(v ⊗ 1B)u
j)|P1 = Bott(ϕ
′, v ⊗ 1B)|[α−j ](P1) = 0, (e 3.69)
(e 3.70)
j = 0, 1, 2, ..., n − 1. It follows that
Bott(ϕ′, v1)|P1 =
n−1∑
j=1
Bott(ϕ′, (uj)∗(v ⊗ 1B)u
j)|P1 = 0 (e 3.71)
The above is computed in A ⊗ 1. It follows from the Basic Homotopy Lemma 17.9 of [47] that
there exists a continuous path of unitaries {v(t) : t ∈ [0, 1]} ⊂ U(A⊗ 1) such that
v(0) = 1, v(1) = v1 and ‖[ϕ
′(c), v(t)]‖ < δ1/2 for all a ∈ G1. (e 3.72)
Moreover
Length({v(t)}) ≤ 2π + 1 = L. (e 3.73)
Thus 3.1 applies.
Corollary 3.3. Let C be a unital AH-algebra, let α ∈ Aut(C) be an automorphism and let
A ∼= A⊗U be a unital simple AF-algebra with a unique tracial state τ and K0(A) = ρA(K0(A)).
Suppose that ϕ1, ϕ2 : C ⋊α Z→ A are two unital monomorphisms. For any ǫ > 0 and any finite
subset F ⊂ C ⋊α Z, there exists δ > 0, a finite subset G ⊂ C and a finite subset P ⊂ K1(C)
satisfying the following:
Suppose that there exists a unitary z ∈ A such that
ad z ◦ ϕ1(a) ≈δ ϕ2(a) for all a ∈ G (e 3.74)
and, for any x ∈ P,
bott1(ϕ2, ϕ2(uα)
∗z∗ϕ1(uα)z)(x) = 0. (e 3.75)
Then there exists a unitary w ∈ U(A⊗ U) such that
adw ◦ ϕ
(1)
1 ≈ǫ ϕ
(1)
2 on F , (e 3.76)
where ϕ
(1)
i : C ⋊α Z→ A⊗ U is defined by ϕ
(1)
i (c) = ϕi(c)⊗ 1U and ϕ
(1)
i (uα) = ϕi(uα)⊗ ı(uσ),
i = 1, 2.
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Proof. Let ǫ > 0 and F ⊂ C ⋊α Z be a finite subset. Without loss of generality, we may assume
that F = F0 ∪ {uα}, where F0 ⊂ C is a finite subset.
Let δ > 0, G ⊂ C be a finite subset and P1 ⊂ K(C) be a finite subset required by 3.2 for ǫ/2
and F0 above (with ϕ being replaced by ϕ2, B = U and ψ being replaced by ı). Without loss of
generality, we may assume that G is in the unit ball of C and δ < ǫ/2.
Since K0(A) is divisible and torsion free, there is a finite subset P ⊂ K1(C) such that
Bott(ϕ2, v)|P1 = 0 (e 3.77)
provided that
bott1(ϕ2, v)|P = 0 (e 3.78)
and v is a unitary and Bott(ϕ2, v)|P1 is well-defined.
Now suppose that (e 3.74) and (e 3.75) hold for above δ, G and P.
Define
v = ϕ2(uα)
∗z∗ϕ1(uα)z. (e 3.79)
Then
‖[ϕ2(c), v]‖ < δ for all c ∈ G and Bott(ϕ2, v)|P1 = 0. (e 3.80)
It follows from 3.2 that there exists a unitary w1 ∈ A⊗ U such that
adw1 ◦ ϕ
(1)
2 ≈ǫ/2 ϕ
(1)
2 on F0 and (e 3.81)
w∗1ϕ
(1)
2 (uα)(v ⊗ 1U )w1 ≈ǫ/2 ϕ
(1)
2 (uα). (e 3.82)
Note that
ϕ
(1)
2 (uα)(v ⊗ 1U ) = ϕ2(uα)v ⊗ ı(uσ) (e 3.83)
≈δ z
∗ϕ1(uα)z ⊗ ı(uσ). (e 3.84)
Put w = (z ⊗ 1U )w1. Then, by (e 3.81), (e 3.74) and (e 3.83),
adw ◦ ϕ
(1)
1 ≈ǫ ϕ
(1)
2 on F0 and adw ◦ ϕ
(1)
1 (uα) ≈ǫ ϕ
(1)
2 (uα). (e 3.85)
Corollary 3.4. Let C be a unital AH-algebra, let α ∈ Aut(C) be an automorphism and let
A ∼= A⊗U be a unital simple AF-algebra with a unique tracial state τ and K0(A) = ρA(K0(A)).
Suppose that ϕ1, ϕ2 : C ⋊α Z→ A are two unital monomorphisms and suppose that there exists
a sequence of unitaries zn ∈ A such that
lim
n→∞
ad zn ◦ ϕ1(a) = ψ2(a) for all a ∈ C (e 3.86)
and, for any x ∈ K1(C) and
bott1(ϕ2, ϕ2(uα)
∗z∗nϕ1(uα)zn)(x) = 0 (e 3.87)
for all sufficiently large n.
Then there exists a sequence of unitaries {wn} ⊂ U(A⊗ U) such that
lim
n→∞
adwn ◦ ϕ
(1)
1 (a) = ϕ
(1)
2 (a) for all a ∈ C ⋊α Z, (e 3.88)
where ϕ
(1)
i : C ⋊α Z→ A⊗ U is defined by ϕ
(1)
i (uα) = ϕi(uα)⊗ ı(uσ), i = 1, 2.
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Theorem 3.5. Let C be a unital AH-algebra with K1(C) = {0}, let α ∈ Aut(C) be an auto-
morphism and let A ∼= A ⊗ U be a unital simple AF-algebra with a unique tracial state τ and
K0(A) = ρA(K0(A)). Suppose that ϕ1, ϕ2 : C ⋊α Z → A are two unital monomorphisms such
that
τ ◦ ϕ1 = τ ◦ ϕ2. (e 3.89)
Then there exists a sequence of unitaries {wn} ⊂ U(A⊗ U) such that
lim
n→∞
adwn ◦ ϕ
(1)
1 (a) = ϕ
(1)
2 (a) for all a ∈ C ⋊α Z. (e 3.90)
where ϕ
(1)
i : C⋊αZ→ A⊗U by ϕ
(1)
i (c) = ϕi(c)⊗1U for all c ∈ C and ϕ
(1)
i (uα) = ϕi(uα)⊗ ı(uσ),
i = 1, 2.
Proof. Since K0(A) = ρA(K0(A)), (e 3.89) implies that
(ϕ1|C)∗0 = (ϕ2|C)∗0. (e 3.91)
Since K1(A) = {0} and K0(A) is divisible, (e 3.91) implies that
[ϕ1|C ] = [ϕ2|C ] in KK(C,A). (e 3.92)
Combining (e 3.92) and (e 3.89), by applying 2.13, there exists a sequence of unitaries {zn} ∈
U(A) such that
lim
n→∞
adzn ◦ ϕ1(c) = ϕ2(c) for all c ∈ C. (e 3.93)
Since K1(C) = 0,
bott1(ϕ2, ϕ2(uα)
∗z∗nϕ1(uα)zn) = 0. (e 3.94)
We then apply 3.4.
Theorem 3.6. Let C be a unital AH-algebra, let α ∈ Aut(C) be an automorphism and let
A ∼= A⊗U be a unital simple AF-algebra with a unique tracial state τ and K0(A) = ρA(K0(A)).
Suppose that ϕ1, ϕ2 : C ⋊α Z→ A are two unital monomorphisms such that
τ ◦ ϕ1 = τ ◦ ϕ2. (e 3.95)
Suppose also that
Rϕ1◦j0,ϕ2◦j0(K1(C)) ⊂ ρA(K0(A)), (e 3.96)
where j0 : C → C ⋊α Z is the embedding.
Then there exists a sequence of unitaries {wn} ⊂ U(A⊗ U) such that
lim
n→∞
adwn ◦ ϕ
(1)
1 (a) = ϕ
(1)
2 (a) for all a ∈ C ⋊α Z. (e 3.97)
where ϕ
(1)
i : C ⋊α Z→ A⊗U by ϕ
(1)
i (c) = ϕi(c)⊗ 1 for all c ∈ C and ϕ
(1)
i (uα) = ϕi(uα)⊗ ı(uσ),
i = 1, 2. Then
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Proof. Exactly as in the proof of 3.5, we have
[ϕ1|C ] = [ϕ2|C ] in KK(C,A). (e 3.98)
Define
Mϕ1,ϕ2 = {f ∈ C([0, 1], A) : f(0) = ϕ1(a) and f(1) = ϕ2(a) for some a ∈ C}.
Then the condition (e 3.96) implies that
Rϕ1,ϕ2(K1(Mϕ1,ϕ2)) = ρA(K0(A)). (e 3.99)
Then, by combining (e 3.92), by applying Lemma 11.3 of [49] and Theorem 10.7 of [49], one
obtains a continuous path of unitaries {zt : t ∈ [0,∞)} ⊂ U(A) such that
lim
t→∞
ad zt ◦ ϕ1(a) = ϕ2(a) for all a ∈ C. (e 3.100)
As in the proof of 3.5, put
vt = ϕ2(uα)z
∗
t ϕ1(uα)zt for all t ∈ [0,∞). (e 3.101)
Then one obtains
lim
t→∞
‖[ϕ2(a), vt]‖ = 0 for all a ∈ C. (e 3.102)
In particular, for a fixed finite subset P ⊂ K1(C),
bott1(ϕ2, vt)|P = bott1(ϕ2, vt′)|P (e 3.103)
for all sufficiently large t, t′. By the Exel formula (3.6 of [49]), for each z ∈ U(Mk(C)), one has
lim
t→∞
bott1(ϕ2, vt)([z])(τ) = lim
t→∞
τ(log(V ∗t ϕ(z)Vtϕ(z)
∗) = 0, (e 3.104)
where Vt = diag(
k︷ ︸︸ ︷
vt, vt, ..., vt). Combining (e 3.103) and (e 3.104), one must have, for any x ∈ P,
bott1(ϕ2, v1)(x)(τ) = 0. (e 3.105)
Since K0(A) = ρA(K0(A)), this implies that
bott1(ϕ2, vt)(x) = 0 (e 3.106)
for all x ∈ P for all large t. Then 3.4 applies.
4 Bott maps
Theorem 4.1. Let C be a unital separable amenable C∗-algebra in N which has a unital em-
bedding j : C → A for some unital simple AF-algebra A.
Then there is a unital separable simple C∗-algebra B ∈ N with tracial rank zero and a unital
monomorphism ϕ : C → B such that ϕ∗1 = γ ◦ κ, where κ : K1(C)→ K1(C)/Tor(K1(C)) is the
quotient map and γ : K1(C)/Tor(K1(C))→ K1(B) is injective. Moreover, we may assume that
B has a unique tracial state, if A has a unique tracial state.
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Proof. Without loss of generality, we may assume that K1(C) is torsion free, by replacing C by
C ⊗ U .
Let τ ∈ T (A) be a tracial state of A. There is a unital simple AF-algebra A0 with a unique
tracial state and K0(A0) = ρA(K0(A0)) = D, where D is a subring of R which is also a countable
divisible dense subgroup of R containing τ(K0(A)) with [1A0 ] = 1. There is a unital monomor-
phism ψ1 : A→ A0. Therefore, by replacing j by ψ1 ◦ j, we may assume that A = A0. We may
also assume that A⊗ U = A.
Let C1 = C ⊗ A and C2 = C1 ⊗ A ⊗ M2,...,Cn+1 = Cn ⊗ A ⊗ Mn, n = 1, 2, ..., . We
will identify A with A ⊗Mn whenever it is convenient. In particular, Cn+1 ∼= Cn ⊗ A. Put
An =
n︷ ︸︸ ︷
A⊗A⊗ · · · ⊗A . Denote j1 : C1 → A⊗A by j1(c⊗ a) = j(c)⊗ a for all a ∈ A and c ∈ C.
Define jn+1 : Cn+1 → An+2 by jn+1(c⊗ a) = jn(c)⊗ a for all c ∈ Cn and a ∈ A, n = 1, 2, ....
Note that, since A is a unital simple AF-algebra, K1(C1) = K1(C ⊗ U) ⊗ K0(A). Since
K1(C ⊗ U) and K0(A) are torsion free, the map ϕ0 : C ⊗ U → C ⊗U ⊗A defined by a→ a⊗ 1
induces an injective homomorphism (ϕ0)∗1.
Define ϕ1 : C1 → C2 by
ϕ1(a) = diag(a, 1 ⊗ j1(a)) for all a ∈ C1 and (e 4.107)
ϕn(a) = diag(a,
n−1︷ ︸︸ ︷
1 ⊗ jn(a), 1 ⊗ jn(a), ..., 1 ⊗ jn(a)) for all a ∈ Cn (e 4.108)
n = 1, 2, .... Note that, for each n > 1, Cn ∼= C1 ⊗ An. (ϕn)∗1 is injective, n = 1, 2, .... Put B =
limn→∞(Cn, ϕn). Then ϕ1,∞ : C1 → B is a unital monomorphism. In particular, (ϕ1,∞)∗1|K1(C1)
is injective. Therefore (ϕ1,∞ ◦ ϕ0)∗1 is injective on K1(C ⊗ U). Since A is a unital simple
C∗-algebra, it is also easy and standard to check that B is a unital simple C∗-algebra.
To verify that B has tracial rank zero, fix any ǫ > 0 and a finite subset F ⊂ B and a positive
element a ∈ B+ \ {0}. Without loss of generality, we may assume that F ⊂ ϕn,∞(Cn) for some
large n. There exists a finite subset G ⊂ Cn such that ϕn,∞(G) ⊃ F . Fix an integer k ≥ 1. Then
one may write
ϕn,n+k(x) = ı(x) ⊕Φ(x) for all x ∈ Cn, (e 4.109)
where ı : Cn → (1− p)Cn+k(1− p) is a unital monomorphism such that 1− p = e11, where {eij}
is a system of matrix unit forMn(n+1)···n(+k) and Φ : Cn → F, where F is a unital AF-subalgebra
of pCnp (with 1F = p).
Let F∞ = ϕn+1,∞(F ). Then F∞ is an unital AF-algebra with 1F∞ = ϕn+1,∞(p). We also
have
[y, ϕn,∞(p)] = 0 for all y ∈ F . (e 4.110)
This, in particular, implies that B satisfies the Popa condition (1) and (2) as in 3.6.2 of [35] (see
also [54]). By 3.6.6 of [35], B has the property (SP). Now let e ∈ aBa be a non-zero projection.
We will show that we can choose p (by choosing larger k above) so that
[1− p] ≤ [e]. (e 4.111)
To do this, by replacing e by an equivalent projection, we may assume that e ∈ ϕm,∞(Cm)
for some m ≥ 1. Note that each ϕn is injective. So there is a projection q0 ∈ Cm such that
ϕm,∞(q0) = e. Note that
ϕm,m+1(q0) = diag(q0,
m︷ ︸︸ ︷
1⊗ jm(q0), 1⊗ jm(q0), ..., 1 ⊗ jm(q0)) (e 4.112)
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In particular,
[ϕm,∞(q0)] ≥ [ϕm+1,∞(0, 1 ⊗ jm(q0), 0, ..., 0)] (e 4.113)
In other words, there is a projection q1 ∈ 1 ⊗ A ⊂ Cm+1 such that [ϕm+1,∞(q1)] ≤ [e]. It then
easy to check that, for some sufficiently large k, for the above chosen p,
[1− p] ≤ [ϕm+1,∞(q1)] ≤ [e]. (e 4.114)
It follows that B has tracial rank zero. Since each Cn satisfies the UCT, so does B (see [59]).
It is also standard to show that B has a unique tracial state if A does (see, for example,
3.7.10 of [35]).
Corollary 4.2. Let C be a unital separable C∗-algebra in N , let A ∼= A⊗U be a unital simple
AF-algebra with a unique tracial state τ and with K0(A) = ρA(K0(A)) which is a subring of R
with [1A] = 1 and let j : C → A be a unital embedding.
Then there exists a unital separable simple C∗-algebra B ∈ N with tracial rank zero, with a
unique tracial state, ρB(K0(B)) = ρA(K0(A)) and a unital monomorphism ϕ : C → B satisfying
the following:
(ϕ)∗1 = γ ◦ κ (e 4.115)
where κ : K1(C) → K1(C)/Tor(K1(C)) is the quotient map and γ : K1(C)/Tor(K1(C)) →
K1(B) is injective. Moreover, there is a unital monomorphism h : B → A and a unital homo-
morphism with h∗0 = ρB such that
(h ◦ ϕ)∗0 = j∗0. (e 4.116)
Proof. By considering the composition C → C⊗U → A⊗U ∼= A, we may assume that K1(C) is
torsion free. Since C can be embedded into a unital simple AF-algebra, it has a faithful tracial
state. We will keep the notation used in the proof of 4.1. Note that Cn+1 ∼= Cn ⊗A for each n
and for each t ∈ T (C ⊗A), it has the form t1 ⊗ τ, where t1 is a tracial state of C and τ ∈ T (A)
is the unique tracial state. We will use τ for the unique tracial state on An.
The homomorphism ϕn : Cn → Cn+1 now has the from
ϕn(a) = diag(a,
n−1︷ ︸︸ ︷
1 ⊗ jn(a), 1 ⊗ jn(a), ..., 1 ⊗ jn(a)) (e 4.117)
for all a ∈ Cn. It follows that
(t1 ⊗ τ)(ϕn(a)) =
1
n
t1(a) +
n− 1
n
τ(jn(a)) for all a ∈ Cn. (e 4.118)
Thus, we compute that
lim
n→∞
(t1 ⊗ τ)(ϕk,n(a)) = τ(jk(a)) for all a ∈ Ck. (e 4.119)
Since B has a unique tracial state, we compute that
τ1(ϕ(a)) = τ(j(a)) for all c ∈ C, (e 4.120)
where τ1 is the unique tracial state of B. Since B ∈ N , by the classification theorem of [40], there
is a monomorphism from B to B1 which is a unital simple AH-algebra with a unique tracial
state, with K0(B1) = ρB1(K0(B1)) = ρB(K0(B)). Then (e 4.116) follows.
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4.3. Let C0 be a unital amenable C
∗-algebra, let Λ : Zk → Aut(C0) (k ≥ 1) be a homomorphism,
and let C = C0 ⋊Λ Z
k. Suppose that A = A ⊗ U is a unital simple AF-algebra with a unique
tracial state τ and K0(A) = ρA(K0(A)) which is a subring of R with [1A] = 1 and that j : C → A
is a unital monomorphism. By 4.2, there exists a unital separable simple C∗-algebra B0 ∈ N
with tracial rank zero, with a unique tracial state and with ρB(K0(B0)) = ρA(K0(A)), and there
exists a unital monomorphism j1 : C → B0 satisfying the following:
(j1)∗1 = γ ◦ κ (e 4.121)
where κ : K1(C) → K1(C)/Tor(K1(C)) is the quotient map and γ : K1(C)/Tor(K1(C)) →
K1(B0) is injective.
Note also in the proof of 4.1 K1(Cn) = K1(C) ⊗ K0(A) and the homomorphism ϕn :
K1(Cn)→ K1(Cn+1) is the identity map. So K1(B0) = K1(C)⊗K0(A).
Moreover, there is a unital monomorphism h : B0 → A with h∗0 = ρB0 such that
(h ◦ j1)∗0 = j∗0. (e 4.122)
Note that K0(A) is also divisible. It follows that
[h ◦ j1] = [j] in KK(C,A) and τ(h ◦ j1) = τ ◦ j. (e 4.123)
There exists (see 2.8 and [30]) a homomorphism Rj,h◦ϕ : K1(C) → Aff(T (A)) = R. Then
Rj,h◦j1(K1(C)) is a countable subgroup of R. Fix a countable subring D ⊂ R which contains
ρA(K0(A)) and Rj,h◦j1(K1(C)) which also has the property that DQ = D. Let B = B(j,A) be
a unital simple AF-algebra with unique tracial state and K0(B) = ρB(K0(B)) = D and with
[1B ] = 1. There is a unital embedding j2 : A → B such that (j2)∗0 = idρA(K0(A)). We may
assume that A ⊂ B.
An important fact is that, if we regard j : C → B and h ◦ j1 : C → B, then
Rj,h◦j1(K1(C)) ⊂ D = ρB(K0(B)). (e 4.124)
Theorem 4.4. Let C0 be a unital AH-algebra, C = C0⋊αZ for some α ∈ Aut(C0), let A ∼= A⊗U
be a unital simple AF-algebra with a unique tracial state and with K0(A) = ρA(K0(A)) which is
a subring of R and let j : C → A be a unital monomorphism. Let B = B(j,A) and D = K0(B)
be as in 4.3.
Let ǫ > 0, let F ⊂ C be a finite subset and let P ⊂ K1(C). There is δ > 0 and a finite subset
{y1, y2, ..., ym} ⊂ K1(C) satisfying the following:
If β : K1(C)→ K0(A) is a homomorphism with
ρA((β(yj))(τ) < δ, j = 1, 2, ...,m (e 4.125)
where τ is the unique tracial state of A, then there exists a unitary u ∈ B such that
‖[ψ(a), u]‖ < ǫ for all a ∈ F and bott1(ψ, u)|P = β
′|P (e 4.126)
where ψ : C → B⊗U → B is defined by ψ(c) = j(c)⊗ 1U for c ∈ C0 and ψ(uα) = j(uα)⊗ ı(uσ)
and β′ = (j2)∗0 ◦ β (j2 is as in 4.3).
Proof. Since K0(A) is torsion free, β(Tor(K1(C))) = {0}. Therefore, there exists
β1 : K1(C)/Tor(K1(C))→ K0(A) such that
β = β1 ◦ κ, (e 4.127)
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where κ : K1(C)→ K1(C)/Tor(K1(C)) is the quotient map.
Let B0 be as in 4.3. By the classification of amenable simple C
∗-algebras of tracial rank
zero ([40]), B0 is a unital simple AH-algebra of real rank zero. Write B0 = limn→∞(Cn, ϕn),
where each Cn has the form PnMk(n)(C(Xn))Pn and where Xn is a finite CW complex and
Pn ∈Mk(N)(C(Xn)) is a projection. Moreover, let γ and j be as in 4.3.
Identify K0(A) with ρA(K0(A)) ⊂ R.We define γ1 : K1(B0) = K1(C)⊗ρA(K0(A))→ K0(A)
by
γ1(g ⊗ r) = rβ(g) for all r ∈ ρA(K0(A)) and g ∈ K1(C). (e 4.128)
Then
γ1 ◦ γ = β1. (e 4.129)
Furthermore, for any x ∈ K1(B0), there are g1, g2, ..., gl ∈ K1(C)/Tor(K1(C)) and real
numbers r1, r2, ..., rl ∈ ρA(K0(A)) such that
γ1(x) =
l∑
i=1
riβ1(gi). (e 4.130)
Since B0 satisfies the Universal Coefficient Theorem, there is a homomorphism
β˜ ∈ HomΛ(K(B0),K(SB)) such that
β˜|K1(B0) = γ1. (e 4.131)
Without loss of generality, we may assume that j1(F) ⊂ ϕn,∞(Cn) and j1(P) ⊂ [ϕn,∞](K(Cn)).
Let δ0 > 0 (in place of δ) and k(n) ≥ n and x1, x2, ..., xk be a set of generators for K1(Ck(n))
required by Lemma 7.5 of [49] corresponding to ǫ/2 and F1 = h(F). By (e 4.130), there are
y1, y2, ..., ym ∈ K1(C) such that
γ1(xj) =
m∑
i=1
ri,jβ(yi), j = 1, 2, ..., k. (e 4.132)
Therefore there exists δ > 0 such that
ρB(β(yj))(τ) < δ, j = 1, 2, ...,m, (e 4.133)
implies
ρB(γ1(xi))(τ) < δ0, i = 1, 2, ..., k. (e 4.134)
We now choose the above δ and y1, y2, ..., ym and assume (e 4.125) holds.
Thus, by 7.5 of [49], there is a unitary u0 ∈ A such that
‖[h, u0]‖ < ǫ/2 for all a ∈ F1 and bott1(h, u0)|P = β¯|P . (e 4.135)
Viewing A as a unital C∗-subalgebra of B, by 4.3,
[h ◦ j1] = [j] in KK(C,B), τ ◦ h ◦ j1 = τ ◦ j and (e 4.136)
Rj,h◦j1(K1(C)) ⊂ ρB(K0(B)). (e 4.137)
Thus, by 3.6, there is a unitary w ∈ U(B) such that
adw ◦ ψ1 ≈ǫ/2 ψ on F , (e 4.138)
where ψ1(c) = h ◦ j1(c)⊗ 1 and ψ1(uα) = h ◦ j1(uα)⊗ ı(uσ). Choose u = w
∗u0w. Then
‖[ψ(a), u]‖ < ǫ for all a ∈ F and bott1(ψ, u)|P = β|P . (e 4.139)
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5 Homotopy lemmas
The next follows immediately from Theorem 3.9 of [43]. Several versions of the following have
been appeared.
Theorem 5.1. Let C be a unital separable amenable C∗-algebra. For any ǫ > 0 and any finite
subset F ⊂ C, there exists δ > 0, a finite subset G ⊂ C, a finite subset Q ⊂ K(C) and an integer
n ≥ 1 satisfying the following:
For any unital simple C∗-algebra A of tracial rank zero and any two unital δ-G-multiplicative
contractive completely positive linear maps L1, L2 : C → A and any unital monomorphism
h : C → A, if
[L1]|Q = [L2]|Q, (e 5.140)
then there exists a unitary U ∈Mn+1(A) such that
adU ◦ L¯1 ≈ǫ L¯2 on F , (e 5.141)
where
L¯i(a) = diag(L1(a),
n︷ ︸︸ ︷
h(a), h(a), ..., h(a))
for all a ∈ C and i = 1, 2.
Proof. We will apply Theorem 1.2 of [24]. By Theorem 3.9 of [43] and the assumption that
there exists a unital embedding h : C → A, C satisfies property (P) of Remark 1.1 of [24]. Thus
Theorem 1.2 of [24] holds for C (in place A) and A (in place of B). Since in this case A has
tracial rank zero, weakly unperforated K0(A), stable rank one and real rank zero, the theorem
follows ( see also the proof of Theorem 3.1 of [24]).
Lemma 5.2. Let C0 be a unital AH-algebra, C = C0 ⋊α Z for some α ∈ Aut(C0) and let A ∼=
A⊗U be a unital simple AF-algebra with a unique tracial state τ and with K0(A) = ρA(K0(A)).
Let j : C → A be a unital monomorphism, ǫ > 0, F ⊂ C0 be a finite subset and P ⊂ K1(C0)
be a finite subset. There is δ > 0, a finite subset G ⊂ C0, and integer K and a finite subset
Q ⊂ K(C) satisfying the following:
Suppose that v ∈ U(A) is a unitary such that
‖[j(a), v]‖ < δ for all a ∈ G and (e 5.142)
[L]|Q = [j]|Q, (e 5.143)
where L : C → A is a contractive completely positive linear map such that
‖L(
K∑
k=−K
fku
k
α)−
K∑
k=−K
j(fk)(j(uα)v)
k‖ < δ (e 5.144)
for all fk ∈ G. Then there exists a unitary w ∈ U(A) such that
‖[j(a), w]‖ < ǫ for all a ∈ F and bott1(j|C0 , j(uα)
∗w∗j(uα)vw)|P = 0. (e 5.145)
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Proof. Let ǫ > ǫ0 > 0 and F ⊂ F1 ⊂ C0 be a finite subset. We assume that
bott1(h, v
′)|P (e 5.146)
is well defined for any unital homomorphism h from C0 and any unitary v
′ provided that
‖[h(a), v′]‖ < ǫ0 for all a ∈ F1.
Let P = {x1, x2, ..., xk}.
We write C0 = limn→∞(Cn, ϕn), where each Cn has the form PnMr(n)(C(Xn))Pn, where
Xn is a finite CW complex and Pn ∈ Mr(n)(C(Xn)) is a projection. We may assume that
P ⊂ [ϕn,∞](K1(Cn)). Let η > 0 (in place of δ), k(n) ≥ n and y1, y2, ..., ym ∈ K1(Ck(n)) be
a set of generators as required by Lemma 7.3 of [49] for {x1, x2, ..., xk}, ǫ0/2 and F1. Denote
zj = (ϕk(n),∞)∗1(yj), j = 1, 2, ...,m. We may assume that P ⊂ {z1, z2, ..., zm}.
Let P ′1 ⊂ K(C0) be a finite subset containing z1, z2, ..., zm and P1 = P
′
1 ∪ [α](P
′
1).
Let ǫ1 > 0 and F2 ⊂ C0 be a finite subset such that
bott1(h
′, v′)|P1 (e 5.147)
is well defined for any unital homomorphism h′ from C0 and any unitary v
′ provided that
‖[h′(a), v′]‖ < ǫ1 for all a ∈ F2. We may also
bott1(h
′′, v′)|P1 = bott1(h
′, v′)|P1 = Bott(h
′, v′′)|P1 , (e 5.148)
provided that h′′ ≈ǫ1 h
′ on F2 and ‖v
′ − v′′‖ < ǫ1. We may further assume that ǫ1 < ǫ0/2 and
F1 ⊂ F2.
To simplify notation, we may also assume that
ρD(bott1(h
′, v′))(zj)(t) < η, j = 1, 2, ...,m (e 5.149)
for any unital homomorphism h′ : C → D, any unitary v′ ∈ D and unital C∗-algebra D and
tracial state t ∈ T (D), provided that
‖[h′(a), v′]‖ < ǫ1 for all a ∈ F2. (e 5.150)
Put G1 = F2 ∪ {uα}.
Let δ1 > 0 ( in place of δ) a finite subset G2 ⊂ C (in place of G) be a finite subset, Q ⊂ K(C)
be a finite subset and N ≥ 1 be an integer required by 5.1 for ǫ1/2 and G1.
There is δ, a finite subset G ⊂ C and an integer K ≥ 1 such that L is δ1-G1-multiplicative if
(e 5.142) and (e 5.144) hold.
Suppose (e 5.142), (e 5.143) and (e 5.144) hold.
It follows from 5.1 that there exists a unitary U ∈MN+1(A) such that
adU ◦ L¯ ≈ǫ1/2 j¯ on G1, (e 5.151)
where
L¯(a) = diag(L(a),
N︷ ︸︸ ︷
j(a), j(a), ..., j(a)) and (e 5.152)
j¯(a) = diag(
N+1︷ ︸︸ ︷
j(a), j(a), ..., j(a)) (e 5.153)
for all a ∈ C. It follows that
‖[j¯(a), U ]‖ < ǫ1/2 for all a ∈ F2. (e 5.154)
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Put V = diag(
N+1︷ ︸︸ ︷
v, v, ..., v). By (e 5.151),
‖1− j¯(uα)
∗U∗j¯(uα)V U‖ < ǫ1/2. (e 5.155)
It follows that
bott(j¯|C0 , j¯(uα)
∗U∗j¯(uα)V U)|P1 = 0. (e 5.156)
Thus (by (e 5.148)),
0 = bott1(j¯|C0 , V )|P1 + bott1(j¯|C0 , V
∗j¯(uα)
∗U∗j¯(uα)V U) (e 5.157)
= bott1(j¯|C0 , V )|P1 + bott1(j¯|C0 , j¯(uα)
∗U∗j¯(uα)V UV
∗)|P1 (e 5.158)
= bott1(j¯|C0 , V )|P1 + bott1(j¯|C0 , j¯(uα)
∗U∗j¯(uα))|P1 + bott1(j¯|C0 , V UV
∗)|P1 (e 5.159)
= bott1(j¯|C0 , V )|P1 + bott1(j¯ ◦ α
−1|C0 , U
∗)|P1 + bott1(j¯|C0 , U)|P1 (e 5.160)
Let G1 be a subgroup ofK1(C) generated by P1. SinceK0(A) is divisible, there are homomor-
phisms λ1, γ : K1(C0)→ K0(A) which extend bott1(j¯|C0 , V ) and bott1(j¯|C0 , U), respectively.
It follows from (e 5.160) that
λ1|G1 = −γ|G1 + γ ◦ α
−1
∗1 |G1 . (e 5.161)
It should be note that
(λ1)|G1 = (N + 1)bott1(j|C0 , v)|G1 . (e 5.162)
Define γ1 : K1(C0)→ K0(A) by γ1(x) = −
1
N+1γ(x) for all x ∈ K1(C0).
By (e 5.149) and applying Lemma 7.3 of [49], there is a unitary w ∈ A such that
‖[j(a), w]‖ < ǫ0/2 and bott1(j, w)(xj) = γ1(xj), j = 1, 2, ..., k. (e 5.163)
We then compute (using (e 5.161) among other things) that
bott1(j, j(u
∗
α)w
∗j(uα)vw)(xj) (e 5.164)
= bott1(j, v)(xj) + bott1(j, v
∗j(uα)
∗w∗j(uα)vw)(xj) (e 5.165)
= bott1(j, v)(xj) + bott1(j, j(uα)
∗w∗j(uα)vwv
∗)(xj) (e 5.166)
= bott1(j, v)(xj) + bott1(j, j(uα)
∗w∗j(uα))(xj) + bott1(j, wvw
∗)(xj) (e 5.167)
= bott1(j, v)(xj) + bott1(j ◦ α
−1, w∗)(xj) + bott1(j, w)(xj) (e 5.168)
=
1
N + 1
(λ1)(xj) + (−γ1 ◦ (α
−1
∗1 (xj) + γ1(xj)) (e 5.169)
= (
1
N + 1
)(λ1 − γ + γ ◦ α
−1
∗1 )(xj) = 0, (e 5.170)
j = 1, 2, ..., k.
It follows that
bott1(jC0 , j(u
∗
α)w
∗j(uα)vw)|P = 0. (e 5.171)
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Theorem 5.3. Let C be a unital AH-algebra and let α ∈ Aut(C) be an automorphism and let
A ∼= A⊗U be a unital simple AF-algebra with a unique tracial state τ and ρA(K0(A)) = K0(A).
Let h : (C ⋊α Z)⊗ C(T)→ A be a unital monomorphism.
For any ǫ > 0 and a finite subset F ⊂ C ⋊α Z, there exists δ > 0, η > 0, a finite subset
G ⊂ C ⋊α Z, a finite subset G¯ ⊂ C ⊗ C(T) and a finite subset P ⊂ K1(C ⋊α Z) satisfying the
following:
Suppose that there is a unitary v ∈ U(A) and contractive completely positive linear map
L : C ⊗ C(T)→ A such that
‖[h(a), v]‖ < δ for all a ∈ G,bott1(h, v)|P = 0 and (e 5.172)
τ ◦ h|C⊗C(T) ≈η τ ◦ L on G¯, (e 5.173)
and
L ≈δ h on G and L(1⊗ z) ≈δ v (e 5.174)
and where z ∈ C(T) is the identity function on the unit circle. Then there exists a unitary
W ∈ A⊗ U such that
‖[h(1)(c), W ]‖ < ǫ for all c ∈ F and W ∗(v ⊗ 1U )W ≈ǫ h(1 ⊗ z)⊗ 1U , (e 5.175)
where h(1)(c) = h(c)⊗ 1U for all c ∈ C and h
(1)(uα) = h(uα)⊗ ı(uσ).
Proof. Let ǫ > 0 and F ⊂ C⋊αZ.Without loss of generality, we may assume that F = F0∪{uα}
for some finite subset F0 ⊂ C. Define C1 = C ⊗ C(T). Define α
′ ∈ Aut(C1) by α
′(c ⊗ 1C(T)) =
α(c)⊗1C(T) and α
′(1C⊗f) = 1C⊗f for all f ∈ C(T). In other words, C1⋊α′Z ∼= (C⋊αZ)⊗C(T).
Define F ′ = F0 ∪ {1⊗ z}.
To apply 3.2, let δ1 > 0 (in place of δ), G1 ⊂ C1 (in place of G) be a finite subset and
P ′1 ⊂ K(C1) (in place of P) be a finite subset required by 3.2 for ǫ/2 and F
′. We may assume
that δ1 < ǫ/2 and G1 ⊃ F
′. Since K1(A) = {0} and K0(A) is torsion free and divisible, we may
assume that P ′1 = β(P1) for some finite subset P1 ⊂ K1(C1).
Let δ2 > 0 (in place of δ), G2 ⊂ C1 be a finite subset, K ≥ 1 be an integer and Q ⊂
K(C1 ⋊α′ Z) be a finite subset required by 5.2 for δ1/2, P1 and G1. Since K0(A) is torsion free
and divisible and K1(A) = {0}, we may assume that Q ⊂ K0(C1⋊α′ Z) = K0((C⋊αZ)⊗C(T)).
We may assume that Q = P2 ∪β(P3), where P2 ⊂ K0(C ⋊α Z) and P3 ⊂ K1(C ⋊α Z) are finite
subsets. We may assume that G2 ⊃ G1.
By 2.14, choosing 0 < δ2 < δ
′
2 and a finite subset G
′
2 ⊃ G2 so that there exits a unital
contractive completely positive linear map L1 : C1 ⋊α′ Z→ A⊗ U such that
‖L1(
K∑
k=−K
gku
k
α)−
K∑
k=−K
h(gk)(h(uα)v
′)k‖ < δ2/2 (e 5.176)
for all gk ∈ G2 and for any v
′ such that ‖[h(a), v′]‖ < δ′2 for all a ∈ G
′
2. We may assume that
G′2 = G
′′
2 ⊗ {1C(T), z} for some finite subset G
′′
2 ⊂ C. Without loss of generality, we may also
assume that
[L1]|Q = [L
′
1]|Q (e 5.177)
provided that L1, L
′
1 both satisfy(e 5.176) L1 ≈δ2 L
′
1 on G2 ∪ {uα}.
Define τ0 = τ ◦ h on C1.
Let 0 < δ3 < δ2, η > 0 (in place of σ), G¯ ⊂ C1 (in place of G) be a finite subset and
P4 ⊂ K(C1) be a finite subset required by 2.13 for min{δ2/4, ǫ/4)} and G
′
2 (with τ0 above). Since
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K0(A) is torsion free and divisible and K1(A) = 0, we may assume that P4 ⊂ K0(C1). Without
loss of generality, (by choosing smaller δ3, for example), we may assume that G¯ = G
′
3 ⊗ G
′′
3 ,
where {1C} ⊂ G
′
3 ⊂ C and {1C(T), z} ⊂ G
′′
3 ⊂ C(T) are finite subsets, and we may assume that
P4 = P5 ∪ β(P6), where P5 ⊂ K0(C) and P6 ⊂ K1(C) are finite subsets.
Without loss of generality, we may assume that
[L]|P5 = [L
′]|P5 (e 5.178)
provided that L,L′ are δ3-G
′
3-multiplicative contractive completely positive linear maps from C1
and L ≈δ3 L
′ on G′3.
Denote by j0 : C → C ⋊α Z the natural embedding. Put P = (j0)∗1(P6) ∪ P3. Let η1 > 0
such that η1 < min{δ3/4, δ2/4, ǫ/2, δ1/4, η}.
It follows from 2.14 that there is δ4 > 0, a finite subset G4 ⊂ C and a unital η1-G¯-
multiplicative contractive completely positive linear map L′ : C1 → A such that
L′(c⊗ f) ≈η1 h(c)f(v) for all c ∈ G
′
2 and f ∈ G
′′
2 , (e 5.179)
provided that ‖[h(a), v]‖ < δ4 for all a ∈ G4. We may assume that G4 ⊃ G
′′
2 ∪ G
′′′
2 .
Put G = G4 ∪ {uα}.
Put δ = min{δ4/2, η1/2}. Suppose that (e 5.172), (e 5.173) and (e 5.174) hold for the above
δ, η, G, G¯ and P (and for some v and L). Therefore, we may assume that L is an η1-G2-
multiplicative contractive completely positive linear map satisfying (e 5.179) (replacing L′ by
L). We still have that
τ ◦ L ≈η τ0 on G¯. (e 5.180)
Note that
K0(C1) = K0(C)⊕K1(C). (e 5.181)
We have (by (e 5.178))
[L]|P5 = h∗0|P5 . (e 5.182)
By (e 5.178) and (e 5.172) (and the choice of P), we may also assume that
[L]|β(P6) = 0. (e 5.183)
Since kerρA = {0},
h∗0|β(K1(C)) = 0. (e 5.184)
Therefore
[h]|P4 = [L]|P4 . (e 5.185)
Moreover, by (e 5.180),
τ ◦ h = τ0 ≈η τ ◦ L on G¯. (e 5.186)
By applying 2.13, there exists a unitary w0 ∈ U(A) such that
adw0 ◦ L ≈min{δ2/4,ǫ/2)} h on G
′
2. (e 5.187)
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In particular,
w∗0vw0 ≈min{δ2/4,ǫ/2} h(1 ⊗ z) and ‖[h(c), w0]‖ < min{δ2/4, ǫ/2} for all c ∈ G
′′
2 . (e 5.188)
Define V = h(uα)
∗w∗0h(uα)w0. Then
‖[h(a), V ]‖ < min{ǫ/2, δ2/4} for all a ∈ G
′
2. (e 5.189)
By (e 5.189), there exists a unital contractive completely positive linear map L1 : C1 ⋊α′ Z →
A⊗ U which satisfies (e 5.176) with v′ = V. Therefore
L1 ≈δ2 h on G
′′
2 and L1(uα) ≈δ2 h(uα)V = w
∗
0h(uα)w0. (e 5.190)
Note that
[L1]|P2 = [h]|P2 . (e 5.191)
By the assumption (e 5.172) and by (e 5.188), we have
bott1(adw0 ◦ h, h(1 ⊗ z))|P3 = bott1(adw0 ◦ h, w
∗
0vw0)|P3 (e 5.192)
= bott1(h, v)|P3 = 0. (e 5.193)
It follows from (e 5.188), (e 5.190), (e 5.177) and (e 5.193) that
[L1]|β(P3) = 0. (e 5.194)
Since kerρA(A) = {0}, we have
[L1]|β(P3) = 0 = [h]|β(P3). (e 5.195)
Thus
[L1]|Q = [h]|Q. (e 5.196)
Therefore, by 5.2, there is a unitary w1 ∈ U(A⊗ U) such that
‖[h(a), w1]|‖ < δ1/2 for all a ∈ G1 and Bott(h, h(uα)
∗w∗1h(uα)V w1)|P1 = 0. (e 5.197)
Note that h(uα)V = w
∗
0h(uα)w0. It follows from 3.2 that there exists w2 ∈ U(A⊗ U) such that
w∗2(h(a) ⊗ 1U )w2 ≈ǫ/2 h(a)⊗ 1U for all a ∈ F
′ and (e 5.198)
w∗2(w
∗
1(w
∗
0h(uα)w0)w1)⊗ ı(uσ))w2 ≈ǫ/2 h(uα)⊗ ı(uσ). (e 5.199)
Define W = (w0w1 ⊗ 1U )w2. Then, by (e 5.188), (e 5.198) and (e 5.199),
‖[h(1)(c), W ]‖ < ǫ for all c ∈ F and W ∗(v ⊗ 1U )W ≈ǫ h(1 ⊗ z)⊗ 1U . (e 5.200)
The following holds in great generality and well-known. We only use the special case below.
The proof in this case is easier than the general case.
Lemma 5.4. Let A be a unital simple AF-algebra with a unique tracial state τ and ρA(K0(A))
is a countable dense divisible subgroup of R. There is a unitary u ∈ A such that
τ ◦ f(u) =
∫
T
f(t)dt for all f ∈ C(T), (e 5.201)
where the integral is on the standard Lesbegue measure.
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Lemma 5.5. Let A be a unital simple AF-algebra with a tracial state t and let v ∈ U(A).
Suppose that u ∈ U is a unitary such that
τ ◦ f(u) =
∫
T
f(t)dt for all f ∈ C(T). (e 5.202)
Suppose C is a unital separable C∗-algebra and h : C → A is a unital monomorphism. Define
a linear map ϕ : C ⊗ C(T)→ A⊗ U by ϕ(c⊗ f) = h(c)f(v ⊗ u) for all c ∈ C and f ∈ C(T).
Then
(t⊗ τ)(ϕ(c ⊗ f)) = t(h(c)) ·
∫
T
f(t)dt for all c ∈ C and f ∈ C(T), (e 5.203)
where τ is the unique tracial state on U .
Proof. Let ǫ > 0 and F ⊂ C(T) be a finite subset. We assume that z ∈ F , where z denotes the
identity function on the unit circle.
By [31], for any δ > 0, there are (for some large n), mutually orthogonal projections
p1, p2, ..., pn in A and mutually orthogonal projections e1, e2, ..., en in U with
∑n
i=1 pi = 1A
and
∑n
i=1 ei = 1U such that
f(v) ≈δ/4
n∑
k=1
f(ωk)pk and (e 5.204)
f(u) ≈δ/4
n∑
k=1
f(ωk)ek (e 5.205)
for all f ∈ F , where ωk = e
2kpii
n and τ(ek) = 1/n, k = 1, 2, ..., n. We have that
(
n∑
k=1
ωkpk)⊗ (
n∑
k=1
ωkek) =
n∑
k=1
ωk(
∑
j+i=k(modn)
pj ⊗ ei). (e 5.206)
Put qk =
∑
j+i=k(modn) pj ⊗ ei. Then
(t⊗ τ)(qk) =
∑
j+i=k(modn)
t(pj)τ(ei) (e 5.207)
=
∑
j+i=k(modn)
t(pj)(1/n) = 1/n. (e 5.208)
It follows immediately that, with sufficiently small δ (or sufficiently large n),
τ(ϕ(1 ⊗ f)) ≈ǫ τ(f(u)) for all f ∈ F . (e 5.209)
Furthermore, assuming ‖c‖ ≤ 1,
(t⊗ τ)(ϕ(c ⊗ f)) ≈ǫ (t⊗ τ)(
n∑
k=1
f(ωk)(h(c)qk) (e 5.210)
=
n∑
k=1
f(ωk)(t⊗ τ)((h(c)qk) (e 5.211)
=
n∑
k=1
f(ωk)(1/n)t(h(c)
n∑
j=1
pj) (e 5.212)
=
n∑
k=1
f(ωk)(1/n)t(h(c)) (e 5.213)
≈ǫ t(h(c))τ(f(u)). (e 5.214)
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for all f ∈ F . Let ǫ→ 0, we conclude that
(t⊗ τ)(ϕ(c ⊗ f)) = t(c)τ(f(u)) for all c ∈ C and f ∈ C(T). (e 5.215)
Lemma 5.6. Let C be a unital AH-algebra and let α ∈ Aut(A) be an automorphism and let
A ∼= A⊗U be a unital simple AF-algebra with a unique tracial state τ and ρA(K0(A)) = K0(A).
Let ϕ : C ⋊α Z→ A be a unital monomorphism.
For any ǫ > 0 and a finite subset F ⊂ C ⋊α Z, there exists δ > 0, a finite subset G ⊂ C ⋊α Z
and a finite subset P ⊂ K1(C ⋊α Z) satisfying the following:
Suppose that there is a unitary v ∈ U(A) such that
‖[ϕ(a), v]‖ < δ for all a ∈ G and bott1(ϕ, v)|P = 0. (e 5.216)
Then there exists a continuous path of unitaries {vt : t ∈ [0, 1]} ⊂ U(A⊗ U) such that
v0 = v ⊗ 1U , v1 = 1A⊗U , ‖[ψ(a), vt]‖ < ǫ (e 5.217)
for all a ∈ F and t ∈ [0, 1], and
Length({vt}) ≤ 2π +min{ǫ, 1}, (e 5.218)
where ψ : C ⋊α Z→ A⊗ U defined by ψ(a) = a⊗ 1 for a ∈ C and ψ(uα) = ϕ(uα)⊗ ı(uσ).
Proof. To simplify notation, without loss of generality, it suffices to prove the theorem with
vt ∈ A⊗ U ⊗ U and ψ(uα) = ϕ(uα)⊗ 1U ⊗ ı(uσ).
Let u0 ∈ U be a unitary with
τ1(f(u0)) =
∫
T
f(t)dt for all f ∈ C(T), (e 5.219)
where τ1 is the unique tracial state on U (by 5.4).
It follows from [31] (see 4.4.1 of [35]) that there is a continuous path of unitaries {V (t) : t ∈
[0, 1]} in 1⊗ U such that
V (0) = 1, V (1) = 1⊗ u0 and Length({V (t)}) ≤ π + ǫ/4. (e 5.220)
Let ǫ > 0 and F ⊂ C ⋊α Z be a finite subset. Without loss of generality, we may assume
that F = F0 ∪ {uα} for some finite subset F0 ⊂ C. Define C1 = C ⊗C(T). Define α
′ ∈ Aut(C1)
by α′(c ⊗ 1) = α(c) ⊗ 1 and α′(1 ⊗ f) = 1 ⊗ f for all f ∈ C(T). In other words, C1 ⋊α′ Z ∼=
(C ⋊α Z)⊗C(T). Define F
′ = F0 ∪ {z}.
Define h : (C⋊αZ)⊗C(T)→ A⊗U by h(a) = ϕ(a)⊗1U for all a ∈ C⋊αZ and h(1⊗z) = 1⊗u0.
Put v¯ = v ⊗ u0.
Let δ1 > 0 (in place of δ), η1 > 0 (in place of η), G1 ⊂ C ⋊α Z (in place of G) be a finite
subset, G¯ ⊂ C ⊗C(T) be a finite subset and P ⊂ K1(C ⋊α Z) be a finite subset required by 5.3
for sin(ǫ/4) and F above. Without loss of generality, we may assume that G1 = G
′
1 ∪ {uα} for
some finite subset G′1 ⊂ C, and we may assume that G¯ = G
′
2 ⊗G
′′
2 , where 1C ∈ G
′
2 ⊂ C is a finite
subset and {1C(T), z} ⊂ G
′′
2 ⊂ C(T) is a finite subset.
By 2.14, there is 0 < δ < δ1 and a finite subset G3 ⊃ G
′
1 so that there exits a unital contractive
completely positive linear map L : (C ⋊α Z)⊗ C(T)→ A⊗ U such that
L(c⊗ f) ≈δ1/2 ϕ(c)f(v
′) for all c ∈ G1 ∪ G
′
2 and f ∈ G2. (e 5.221)
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for any unitary v′ so that ‖[ϕ(a), v′]‖ < δ for all a ∈ G3. Without loss of generality, we may also
assume that
[L]|Q = [L
′]|Q (e 5.222)
provided that L,L′ are both δ1-G1-multiplicative and L ≈δ1 L
′ on G1.
Let τ0 be the tracial state on C1 defined by
τ0(c⊗ f) = τ(ϕ(c))τ1(f(u0)) for all c ∈ C and f ∈ C(T). (e 5.223)
Let G = G1 ∪ G
′
2. Suppose that (e 5.216) holds for the above δ, G and P.
Then, we have that
‖[h(a), v¯]‖ < δ1 for all a ∈ G1, bott1(h|C⋊αZ, v¯)|P = 0. (e 5.224)
Define L0 : C ⊗ C(T) → A ⊗ U by L0(c ⊗ f) = h(c)f(v¯) for all c ∈ C and f ∈ C(T). It follows
from 5.5 that
τ ◦ L0 = τ0, (e 5.225)
where τ is regarded as the tracial state on A ∼= A ⊗ U . There exists a contractive completely
positive linear map L : C ⊗ C(T)→ A⊗ U such that (e 5.221) holds In particular,
τ ◦ L ≈η τ ◦ h|C1 on G¯. (e 5.226)
It follows from 5.3 that there exists a unitary W ∈ U(A⊗ U ⊗ U) such that
‖[ψ(a), W ]‖ < sin(ǫ/4) for all a ∈ F and W ∗(v¯ ⊗ 1U )W ≈sin(ǫ/4) h(1 ⊗ z)⊗ 1U , (e 5.227)
where ψ : C⋊αZ→ A⊗U⊗U defined by ψ(c) = h(c)⊗1U for all c ∈ C and ψ(uα) = h(uα)⊗ı(uα).
In particular,
W (1⊗ u0 ⊗ 1U )W
∗ ≈sin(ǫ/4) v ⊗ u0 ⊗ 1U . (e 5.228)
By (e 5.228), there exists a continuous path λ : [1/4, 1/2] → U(A⊗ U ⊗ U) such that
λ(1/4) = v ⊗ u0 ⊗ 1U , (e 5.229)
λ(1/2) = W (1⊗ u0 ⊗ 1U )W
∗ (e 5.230)
and Length({λ(t)}) < ǫ/4 (e 5.231)
Moreover,
‖[ψ(a), λ(t)]‖ < δ +
ǫ
4
< ǫ for all a ∈ F and for all t ∈ [1/4, 1/2]. (e 5.232)
Now define
vt =


(v ⊗ 1U )V (4t) ⊗ 1U , if t ∈ [0, 1/4);
λ(t), if t ∈ [1/4, 1/2) and
W ((V (2− 2t))⊗ 1U )W
∗, if t ∈ [1/2, 1].
Then
v0 = v ⊗ 1U ⊗ 1U , v1 = 1 and Length({vt}) < π +
ǫ
4
+
ǫ
4
+ π +
ǫ
4
< 2π + ǫ. (e 5.233)
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For t ∈ [0, 1/4), we estimate that
‖[ψ(a), vt]‖ < δ < ǫ for all a ∈ F . (e 5.234)
By (e 5.227), for all c ∈ F0 and t ∈ [1/2, 1],
‖[ψ(c), vt]‖ = ‖[W
∗(ϕ(c) ⊗ 1U ⊗ 1U )W, V (2− 2t)⊗ 1U ]‖
≈ǫ/4 ‖[ϕ(c) ⊗ 1U ⊗ 1U , V (2− 2t)⊗ 1U ]‖ = 0. (e 5.235)
Note again
‖[ψ(uα), V (2(t− 1/2) ⊗ 1U ]‖ = 0. (e 5.236)
Combining (e 5.227) and (e 5.236), for t ∈ [1/2, 1],
‖[ψ(uα), vt]‖ = ‖[W
∗(ϕ(uα)⊗ 1U ⊗ ı(uσ))W, V (2− 2t)⊗ 1U ]‖ (e 5.237)
≈ǫ/4 ‖[ϕ(uα)⊗ 1U ⊗ ı(uσ), V (2− 2t)⊗ 1U ]‖ = 0. (e 5.238)
It follows that
‖[ψ(c), vt]‖ < ǫ for all c ∈ F and for all t ∈ [0, 1]. (e 5.239)
6 Asymptotic unitary equivalence
Theorem 6.1. Let C be a unital AH-algebra and let α ∈ Aut(C) be an automorphism. Let A ∼=
A⊗U be a unital simple AF-algebra with a unique tracial state τ and with K0(A) = ρA(K0(A)).
Suppose that ϕ1, ϕ2 : C ⋊α Z→ A are two unital monomorphisms such that
τ ◦ ϕ1 = τ ◦ ϕ2 and η˜(ϕ1, ϕ2) = 0. (e 6.240)
Then, there exists a continuous path of unitaries {wt : t ∈ [0,∞)} ⊂ U(B⊗U ⊗U) such that
lim
t→∞
adwt ◦ ψ
′′
1 (a) = ψ
′′
2 (a) for all a ∈ C ⋊α Z, (e 6.241)
where B = B(ψ2, A ⊗ U) and where ψi : C ⋊α Z → A ⊗ U is defined by ψi(c) = ϕi(c) ⊗ 1U
for all a ∈ C and ψi(uα) = ϕi(uα) ⊗ ı(uσ), and ψ
′′
i : C ⋊α Z → B ⊗ U ⊗ U is defined by
ψ′′i (c) = ϕ(c) ⊗ 1U ⊗ 1U for c ∈ C and ψ
′′
i (uα) = ψ(uα)⊗ ı(uα), i = 1, 2.
Proof. Since kerρA = {0}, (e 6.240) implies that
(ϕ1)∗0 = (ϕ2)∗0. (e 6.242)
Since K1(A) = {0} and K0(A) is torsion free and divisible, (e 6.242) implies that
[ϕ1] = [ϕ2] in KK(C ⋊α Z, A). (e 6.243)
Therefore, since η˜ϕ1,ϕ2 = 0, there exists θ : K1(C ⋊α Z)→ K1(Mϕ1,ϕ2) such that
(π0)∗1 ◦ θ = (idC⋊αZ)∗1. (e 6.244)
Moreover,
Rϕ1,ϕ2(θ(K1(C ⋊α Z))) = 0. (e 6.245)
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Denote by j0 : C → C ⋊α Z the natural embedding. Then one has
Rϕ1,ϕ2(θ ◦ (j0)∗1(K1(C))) = 0. (e 6.246)
Therefore
η˜ϕ1◦j0,ϕ2◦j0 = 0. (e 6.247)
It follows from 3.6 that there exists a sequence of unitaries {vn} ⊂ A⊗ U such that
lim
n→∞
ad vn ◦ ψ1(a) = ψ2(a) for all a ∈ C ⋊α Z, (e 6.248)
where ψi : C⋊αZ→ A⊗U defined by ψi(c) = ϕi(c)⊗1U for all c ∈ C and ψi(uα) = ϕi(uα)⊗ı(uα).
Let B = B(ψ2, A⊗ U) be as in 4.3.
To simplify notation, without loss of generality, in what follows we will use τ for the unique
tracial state on A, A⊗ U (∼= A), B ⊗ U and B ⊗ U ⊗ U ∼= B ⊗ U .
Let {Fn} ⊂ C⋊αZ be an increasing sequence of finite subsets of the unit ball of C⋊αZ whose
union is dense in the unit ball. Let δn > 0, Gn ⊂ C⋊αZ be a finite subset and Pn ⊂ K1(C⋊αZ)
be a finite subset required by 5.6 for ǫn = 1/2
n+2 and Fn. We may assume that bott1(h
′, v′)|Pn
is well defined for any unital homomorphism h′ and any unitary v′, whenever
‖[h′(c), v′]‖ < δn for all c ∈ Gn (e 6.249)
for n = 1, 2, .... We also assume that
bott1(h
′, v′)|Pn = bott1(h
′, v′′)|Pn (e 6.250)
provided that ‖v′ − v′′‖ < δn.
We may assume that δn < 1/2
n+1 and Fn ⊂ Gn, n = 1, 2, .... We may write Pn =
{x1, x2, ..., xr(n)}, n = 1, 2, ....
Let δ′n > 0 and {y1, y2, ..., ym(n)} ⊂ K1(C ⋊α Z) be a finite subset required by 4.4 for δn/2,
Gn and Pn. Put Qn = {y1, y2, ..., ym(n)}. We may assume that m(n + 1) ≥ m(n). To simplify
notation, we may assume that xj = yj , j = 1, 2, ..., r(n) and r(n) ≤ m(n), n = 1, 2, ....
There is an integer l(n) ≥ 1 and unitaries z1, z2, ..., zm(n) ∈Ml(n)(C⋊αZ) such that [zj ] = yj,
j = 1, 2, ...,m(n).
Let ηn > 0 be such that ηn < min{δn/2l(n)
2, (1/4) sin(δ′n/2l(n)
2)} and ηn+1 < ηn/2, n =
1, 2, .... We may also assume that, by passing to a subsequence, if necessary
ad vn ◦ ψ1 ≈ηn/2 ψ2 on Gn (e 6.251)
Note that
‖[ψ1(a), vnv
∗
n+1]‖ < ηn for all a ∈ Gn (e 6.252)
So bott1(ϕ1, vnv
∗
n+1)|Qn is well-defined.
Put
v¯n = diag(
l(n)︷ ︸︸ ︷
vn, vn, ..., vn).
We will continue to use ϕi for ϕi⊗idMl(n) and use ψi for ψi⊗idMl(n) , i = 1, 2, respectively. Thus,
we may assume that, for j ≤ m(n),
‖ψ2(zj)ad v¯n ◦ ψ1(z
∗
j )− 1‖ < (1/4) sin(δ
′
n/2) (e 6.253)
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Put
hj,n = log(
1
2πi
ψ2(zj)ad v¯n ◦ ψ1(z
∗
j )), j = 1, 2, ...,m(n), n = 1, 2, .... (e 6.254)
Then
τ(hj,n) < δn/2, (e 6.255)
By (e 6.246), Rψ1,ψ2(K1(Mψ1,ψ2)) ⊂ ρA⊗U (K0(A⊗ U)). It follows from 3.5 of [49] that
ĥj,n(τ) = τ(hj,n) ∈ ρA⊗U(K0(A⊗ U)), j = 1, 2, ...,m(n), n = 1, 2, .... (e 6.256)
Since K0(A⊗U) is divisible, there exists a homomorphism βn : K1(C ⋊α Z)→ K0(A⊗U) (see
also 6.1, 6.2 and 6.3 of [48]) such that
τ(βn(yj)) = ĥj,n(τ) = τ(hj,n), j = 1, 2, ...,m(n), n = 1, 2, .... (e 6.257)
It follows from 4.4 that there exists a unitary Un ∈ B = B(ψ2, A⊗ U) such that
‖[ψ′2(a), Un]‖ < δ
′
n for all a ∈ Gn and bott1(ψ
′
2, Un)|Pn = −β
′
n|Pn , (e 6.258)
where β′n = (j2)∗0 ◦ βn, n = 1, 2, ..., and j2 : A ⊗ U → B is the embedding and where ψi :
C ⋊α Z → B ⊗ U is defined by ψ
′
i(c) = ψ(c) ⊗ 1U for all c ∈ C ⋊α Z and ψ(uα) ⊗ ı(uα). Note
that (see 4.3) that τ ◦ j2(a) = τ(a) for a ∈ A⊗ U .
By Exel’s trace formula (see Theorem 3.6 of [49]) for j = 1, 2, ..., r(n),
τ(hj,n) = −bott1(ψ
′
2, Un)(xj)(τ) (e 6.259)
= −τ(log(
1
2πi
U¯nψ
′
2(zj)U¯
∗
nψ
′
2(z
∗
j ))), (e 6.260)
where
U¯n = diag(
l(n)︷ ︸︸ ︷
Un, Un, ..., Un).
Define un = vnUn, n = 1, 2, .... Put
u¯n = diag(
l(n)︷ ︸︸ ︷
un, un, ..., un) and u¯
′
n+1 = diag(
l(n)︷ ︸︸ ︷
un+1, un+1, ..., un+1), (e 6.261)
n = 1, 2, .... By 6.1 of [48] and (e 6.259), we compute that
τ(log(
1
2πi
(ψ′2(zj)ad u¯n(ψ
′
1(z
∗
j ))))) (e 6.262)
= τ(log(
1
2πi
(U¯nψ
′
2(z
∗
j )U¯
∗
nv¯
∗
n(ψ
′
1(zj))v¯n))) (e 6.263)
= τ(log(
1
2πi
(U¯nψ
′
2(zj)U¯
∗
nψ
′
2(z
∗
j )ψ
′
2(zj)v¯
∗
n(ψ
′
1(z
∗
j ))v¯n))) (e 6.264)
= τ(log(
1
2πi
(U¯nψ
′
2(zj)U¯
∗
nψ
′
2(w
∗
j )))) (e 6.265)
+τ(
1
2πi
log(ψ′2(zj)v¯
∗
n(ψ
′
1(z
∗
j ))v¯n))) (e 6.266)
= bott1(ψ
′
2, Un))(zj)(τ) + τ(hj,n) = 0. (e 6.267)
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Let
bj,n = log(
1
2πi
u¯nψ
′
2(zj)u¯
∗
nψ
′
1(z
∗
j )) and (e 6.268)
b′j,n = log(
1
2πi
ψ′2(zj)u¯
∗
nu¯
′
n+1ψ
′
2(z
∗
j )(u¯
′
n+1)
∗u¯n)), (e 6.269)
j = 1, 2, ..., n and n = 1, 2, .... We have, by (e 6.267),
τ(bj,n) = τ(log(
1
2πi
u¯nψ
′
2(zj)u¯
∗
nψ
′
1(z
∗
j ))) (e 6.270)
= τ(log
1
2πi
u¯∗nu¯nψ
′
2(zj)u¯
∗
nψ
′
1(z
∗
j )u¯n) (e 6.271)
= τ(log
1
2πi
ψ′2(zj)u¯
∗
nψ
′
1(z
∗
j )u¯n) = 0. (e 6.272)
j = 1, 2, ..., r(n) and n = 1, 2, .... Note also τ(bj,n+1) = 0 for j = 1, 2, ..., r(n). InMl(n+1)(C⋊αZ),
xj represented by
diag(zj , 1Ml(n+1)−l(n)) (e 6.273)
for j = 1, 2, ..., r(n). Put
b′′j,n+1 = log(
1
2πi
ψ′2(zj)(u¯
′
n+1)
∗ψ′1(z
∗
j )u¯
′
n+1) (e 6.274)
Therefore
τ(b′′j,n+1) = τ(bj,n+1) = 0. (e 6.275)
We have that
u¯∗ne
2πib′j,n u¯n = e
2πibj,ne−2πib
′′
j,n+1 . (e 6.276)
Thus, by 6.1 of [48], we compute that
τ(b′j,n) = τ(bj,n)− τ(bj,n+1) = 0. (e 6.277)
It follows the Exel trace formula (Theorem 3.6 of [49]) and (e 6.277) that
bott1(ψ
′
2, u
∗
nun+1))(xj)(τ) (e 6.278)
= −τ(log(u¯∗nu¯
′
n+1ψ2(z
∗
j )(u¯
′
n+1)
∗u¯nψ2(zj)) (e 6.279)
= −τ(log(ψ′2(zj)u¯
∗
nu¯
′
n+1ψ
′
2(z
∗
j )(u¯
′
n+1)
∗u¯n)) = 0. (e 6.280)
By applying 5.6, we obtain a continuous path of unitaries {vn(t) : t ∈ [0, 1]} ⊂ B ⊗ U ⊗ U
such that
vn(0) = unu
∗
n+1, vn(1) = 1 and ‖[ψ
′′
2 (a), vn(t)]‖ < 1/2
n+2 for all a ∈ Fn, (e 6.281)
where ψ′′i : C ⋊α Z → B ⊗ U ⊗ U is defined by ψ
′′
i (c) = ψ
′
i(c) for all c ∈ C and ψ
′′
i (uα) =
ψ′i(uα) ⊗ ı(uσ), i = 1, 2 and n = 1, 2, .... Define u(t) = vn(t − n + 1)un+1 for t ∈ [n − 1, n),
n = 1, 2, .... We check that
lim
t→∞
adu(t) ◦ ψ′′1 (a) = ψ
′′
2 (a) for all a ∈ C ⋊α Z. (e 6.282)
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7 AF-embedding of C ⋊Λ Z
2
Theorem 7.1. Let C be a unital AH-algebra and let Λ : Z2 → Aut(C) be a homomorphism.
Then C⋊ΛZ
2 can be embedded into a unital simple AF-algebra if and only if C admits a faithful
Λ-invariant tracial state.
Proof. We only need to show the “if ” part of the theorem. Let α1 and α2 be two generators of
Λ(Z2). Thus α1, α2 ∈ Aut(A), α1 ◦ α2 = α2 ◦ α1 and C ⋊Λ Z
2 ∼= (C ⋊α1 Z)⋊α2 Z.
Put C1 = C ⋊α1 Z. We view α2 as an automorphism on C1 by α2(uα1) = uα1 .
Let t be a faithful Λ-invariant tracial state on C. We may also view t as a faithful tracial
state on C1 as well as on C ⋊Λ Z
2.
It follows from (the proof) of 10.5 of [49] that there exists a unital simple AF-algebra A ∼=
A ⊗ U with unique tracial state τ and with K0(A) = ρA(K0(A)) and a unital monomorphism
h : C1 → A such that
τ ◦ h = t. (e 7.283)
Put ϕ1 = h and ϕ2 = h ◦ α2. Then
τ ◦ ϕ1 = τ ◦ ϕ2. (e 7.284)
In particular, since kerρA = {0}, K1(A) = {0} and K0(A) is torsion free and divisible,
[ϕ1] = [ϕ2] in KK(C1, A). (e 7.285)
There exists θ : K1(C1)→ K1(Mϕ1,ϕ2). Let D0 = Rϕ1,ϕ2(θ(K1(C1))). Let D1 be a countable
subring of R containing ρA(K0(A)) ∪ D0 which is also a divisible subgroup of R. Let A1 be a
unital simple AF-algebra with a unique tracial state such that K0(A1) = D1. Moreover, there is
a unital embedding j : A→ A1 such that
τ ◦ j = τ, (e 7.286)
where we also use τ for the unique tracial state on A1. To simplify notation, without loss of
generality, we may assume that A = A1. Therefore, with this assumption, we have
Rϕ1,ϕ2(Mϕ1,ϕ2) ⊂ ρA(K0(A)) = D1. (e 7.287)
By 10.3 of [49], this implies that
η˜ϕ1,ϕ2 = 0. (e 7.288)
It follows that 6.1 that there exists a continuous path of unitaries {wt : t ∈ [0,∞)} of
B ⊗ U ⊗ U) such that
lim
t→∞
adwt ◦ ψ
′′
1 (a) = ψ
′′
2 (a) for all a ∈ C1, (e 7.289)
where ψ′′i : C1 → B ⊗ U ⊗ U is defined by ψ
′′
i (c) = ϕ(c) ⊗ 1U ⊗ 1U for all c ∈ C and ψ
′′
i (uα1) =
ϕi(uα1)⊗ı(uσ)⊗ı(uσ), andB = B(ψ2, A⊗U) and ψ2 : C1 → A⊗U is defined by ψ2(c) = ϕ2(c)⊗1U
for all c ∈ C and ψ2(uα1) = ϕ2(uα1)⊗ ı(uσ)⊗ ı(uσ). It follows from 5.5 of [48] that there exists
a unital monomorphism h1 : C1 ⋊α2 Z → B1, where B1 is a unital simple AF-algebra with a
unique tracial state.
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Corollary 7.2. Let C be a unital AH-algebra and let Λ : Z2 → Aut(C) be a homomorphism.
Suppose that t is a faithful Λ-invariant tracial state on C.
Then there exists a unital simple AF-algebra B1 with a unique tracial state τ and with
K0(B1) = ρB1(K0(B1)) which is also a subring of R, and there exists a unital monomorphism
h1 : C ⋊Λ Z
2 → B1 such that
τ ◦ h1 = t. (e 7.290)
Proof. At the end of the proof of 7.1, we apply 5.5 of [48]. The proof of 5.5 of [48] actually
shows that one can have the further requirements for B1, h1 and τ.
Corollary 7.3. Let X be a compact metric space and Λ : Z2 → Homeo(X) be a homomorphism.
Then C(X) ⋊Λ Z
2 can be embedded into a unital simple AF-algebra if and only if X admits a
strictly positive Λ-invariant probability Borel measure.
8 The absorption lemma
Definition 8.1. Let C be a unital separable amenable C∗-algebra and let Λk : Z
k → Aut(C)
be a homomorphism. Suppose that {α1, α2, ..., αk} is the set of generators of Λ(Z
k).
Suppose that ϕ : C⋊ΛZ
k → A is a unital monomorphism. Denote by ϕ(k) : C⋊Λ1Z→ A⊗U
k
the monomorphism defined by
ϕ(k)(c) = ϕ(c)⊗ 1Uk for all c ∈ C, (e 8.291)
ϕ(k)(uα1) = ϕ(uα1)⊗ ı(uσ)⊗ 1Uk−1 , (e 8.292)
ϕ(k)(uα2) = ϕ(uα2)⊗ 1U ⊗ ı(uσ)⊗ 1Uk−1 , (e 8.293)
· · · · · · (e 8.294)
ϕ(k)(uαk) = (ϕ(uαk )⊗ 1U(k−1))⊗ ı(uσ). (e 8.295)
Let {α1, α2, ..., αk} be a set of generators for Λ(Z
k).Define Λj : Z
j → Aut(C) by {α1, α2, ..., αj},
j = 1, 2, ..., k. Denote by ϕj : C ⋊Λj Z
j → A the homomorphism ϕ|C⋊ΛjZj
and ϕ(j) = ϕ
(j)
j ,
j = 1, 2, ..., k.
Denote by B1 = B(ϕ,A) the AF-algebra defined in 4.3. Define Bj+1(ϕ,A) = B(ϕ
(j+1), Bj ⊗
U j), j = 1, 2, ..., k − 1.
Lemma 8.2. In U , there is a continuous and piecewise smooth path of unitaries {u(t) : t ∈ [0, 1]}
in U such that
u(0) = ı(uσ), u(1) = 1U and (e 8.296)∫ 1
0
τ(
du(t)
dt
u(t)∗)dt = 0, (e 8.297)
where τ is the unique tracial state of U .
Proof. There are two self-adjoint elements h1, h2 ∈ U such that
ϕ(uσ) = e
2πih1e2πih2 , (e 8.298)
where ϕ : U ⋊σ Z→ U is defined in 2.11 (see [31]).
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Define v(t) = e2πih1(1−t)e2π(ih2(1−t). Then v(0) = ϕ(uσ) and v(1) = 1U . Define w(t) =
v(t)⊗ v(t)∗ for t ∈ [0, 1]. Then,
dw(t)
dt
w(t)∗ =
d((v(t) ⊗ 1U )(1U ⊗ v(t)
∗)
dt
((v(t)∗ ⊗ 1U )(1U ⊗ v(t))) (e 8.299)
= (−ih1)⊗ 1U + (−ie
2πih1(1−t)h2e
−2πih1(1−t))⊗ 1U (e 8.300)
+ 1U ⊗ (ih1)⊗ 1U + (ie
2πih1(t−1)h2e
2πih1(1−t))⊗ 1U (e 8.301)
Therefore
τ(
dw(t)
dt
w(t)∗) = 0. (e 8.302)
Define u(t) = s(w(t)) for t ∈ [0, 1], where s is defined in 2.11. Note that u(0) = s(w(0)) =
s(ϕ(uσ)⊗ ϕ(uσ)
∗) = ı(uσ) and u(1) = 1U . Moreover,
τ(
du(t)
dt
u(t)∗) = τ(s(
dw(t)
dt
w(t)∗)) (e 8.303)
= τ(
dw(t)
dt
w(t)∗) = 0 (e 8.304)
for all t ∈ [0, 1].
Lemma 8.3. There exists a continuous path of unitaries {w(t) : t ∈ [0,∞)} of U ⊗U such that
lim
t→∞
w(t)∗(ı(uσ)⊗ ı(uσ))w(t) = ı(uσ)⊗ 1U . (e 8.305)
Proof. Let τ be the unique tracial state of U . Using the standard conditional expectation, one
computes that
τ(ı(uσ)) = 0. (e 8.306)
Let f =
∑n
i=1 λiu
i
σ be a polynomial of uσ, where λi ∈ C. Then
τ(ı(f)) = λ0. (e 8.307)
Similarly
τ(
n∑
i=1
λi(ı(uσ)⊗ ı(uσ))
i) = λ0. (e 8.308)
It follows that
τ(f(ı(uσ))) = τ(f(ı(uσ)⊗ ı(uσ))) (e 8.309)
for all f ∈ C(T), where we also use τ for the unique tracial state of U ⊗ U .
Define h1, h2 : C(T)→ U ⊗ U by h1(f) = f(ı(uσ)⊗ ı(uσ)) and h2(f) = f(ı(uσ))⊗ 1U for all
f ∈ C(T). Since K1(U) = {0}, by (e 8.309), we have
[h1] = [h2] in KK(C(T),U) and τ ◦ h1 = τ ◦ h2. (e 8.310)
Define θ : C(T)→Mh1,h2 by
θ(f)(t) = ı(uσ)⊗ u(t) for all t ∈ [0, 1], (e 8.311)
33
where u(t) is a continuous piecewise smooth path of unitaries in U such that
u(0) = ı(uσ), u(1) = 1U and
∫ 1
0
τ(
du(t)
dt
u(t)∗)dt = 0, (e 8.312)
given by 8.2. Then η˜h1,h2 = 0. By applying the main theorem of [49], there exists a continuous
path of unitaries {w(t) : t ∈ [0,∞)} ⊂ U ⊗ U such that
lim
t→∞
w(t)∗(ı(uσ)⊗ ı(uσ))w(t) = ı(uσ). (e 8.313)
The proof of the following is similar to but easier than that of 8.3.
Lemma 8.4. There exists a continuous path of unitaries {u(t) : t ∈ [0,∞)} ⊂ U ⊗ U such that
lim
t→∞
u(t)∗(ı(uα)⊗ 1U )ut = 1U ⊗ ı(uα). (e 8.314)
Lemma 8.5. Let C be a unital separable amenable C∗-algebra, let Λ : Zk → Aut(A) be a
homomorphism such that {α1, α2, ..., αk} forms a set of generators for Λ(Z
k). Let ϕ : C⋊ΛZ
k →
A be a monomorphism. Then there exists a continuous path of unitaries {w(t) : t ∈ [0,∞)} of
A⊗ U2k such that
lim
t→∞
adw(t) ◦ (ϕ(k))(k)(a) = ϕ(k)(a)⊗ 1Uk for all a ∈ C. (e 8.315)
Proof. Define ψ : C ⋊Λ Z
k → A⊗ U2k as follows:
ψ(c) = ϕ(c) ⊗
2k︷ ︸︸ ︷
1U ⊕ 1U ⊕ · · · ⊕ 1U for all c ∈ C, (e 8.316)
ψ(uα1) = ϕ(uα1)⊗ ı(uσ)⊗ ı(uσ)⊗ 1U2k−2 , (e 8.317)
ψ(uα2) = ϕ(uα2)⊗ 1U2 ⊕ ı(uσ)⊗ ı(uσ)⊗ 1U2k−4 , (e 8.318)
· · · · · · (e 8.319)
ψ(uαk ) = ϕ(uαk )⊕ 1U2k−2 ⊕ ı(uσ)⊗ ı(uσ). (e 8.320)
It is clear, by 8.4, that there exists a continuous path of unitaries {u(t) : t ∈ [0,∞)} ⊂ U2k such
that
lim
t→∞
(1⊗ u(t))∗(ϕ(k))(k)(a)(1 ⊗ u(t)) = ψ(a) for all a ∈ C. (e 8.321)
Therefore, to complete the proof, it suffices to show that there exists a continuous path of
unitaries {w(t) : t ∈ [0,∞)} of A⊗ U2k such that
lim
t→∞
adw(t) ◦ ψ(a) = ϕ(k)(a)⊗ 1Uk for all a ∈ C. (e 8.322)
But this clearly follows from 8.3.
Corollary 8.6. Let C be a unital AH-algebra and let α ∈ Aut(C) be an automorphism. Let A ∼=
A⊗U be a unital simple AF-algebra with a unique tracial state τ and with K0(A) = ρA(K0(A)).
Suppose that ϕ1, ϕ2 : C ⋊α Z→ A are two unital monomorphisms such that
τ ◦ ϕ1 = τ ◦ ϕ2 and η˜(ϕ1, ϕ2) = 0. (e 8.323)
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Then, there exists a continuous path of unitaries {wt : t ∈ [0,∞)} ⊂ U(B ⊗ U) such that
lim
t→∞
w∗t (ψ1(a)⊗ 1U )wt = ψ2(a)⊗ 1U for all a ∈ C ⋊α Z, (e 8.324)
where B = B(ϕ
(1)
2 , A⊗U) and with 1A = 1B , and ψi = j2 ◦ϕ
(1)
i (where j2 : A⊗U → B is defined
in 4.3), i = 1, 2.
Proof. This follows immediately from 6.1 and 8.5.
Lemma 8.7. Let B1 ∼= B1 ⊗ U and B2 ∼= B2 ⊗ U be two unital simple AF-algebras with unique
tracial state and with ρBi(K0(Bi)) = K0(Bi) which is also a subring of R (i = 1, 2). Suppose
also that B1⊗U
k ⊂ B2, 1B1⊗Uk = 1B2 for some k ≥ 1 and suppose that j is the embedding from
B1 ⊗ U
k to B2. Let j0 : B1 → B2 be a unital embedding such that (j0)∗0 = j∗0. Then there is a
continuous path of unitaries {ut : t ∈ [0,∞)} ⊂ B2 ⊗ U
k such that
lim
t→∞
u∗t (a⊗ b)ut = j0(a)⊗ b (e 8.325)
for all a ∈ B1 and b ∈ U
k.
Proof. Note that [j0] = [j] in KK(B1, B2). Let τ be the unique tracial state of B2 then
τ ◦ j = τ ◦ j0.
Since K1(B1) = {0}, η˜j0,j = 0. It follows theorem 9.1 of [49] (see also Theorem 1 of [51]) that
(e 8.325) holds.
9 The general cases
In this section, we will show the main theorem of this paper. We will repeat the same argument
deployed for the proof of 7.1 and use induction to present the proof.
Definition 9.1. Let C be a unital separable amenable C∗-algebra in N .
(1) We say C has the property (P1) with integer k ≥ 1, if the following statement holds:
Let A ∼= A ⊗ U be a unital simple AF-algebra with a unique tracial state τ and with
K0(A) = ρA(K0(A)). There exists at least one unital monomorphism from C ⋊Λ Z
k into A.
Suppose that ϕ1, ϕ2 : C ⋊Λ Z
k → A are two unital monomorphisms such that
τ ◦ ϕ1 = τ ◦ ϕ2 and η˜(ϕ1, ϕ2) = 0. (e 9.326)
Then, there exists a continuous path of unitaries {wt : t ∈ [0,∞)} ⊂ U(B ⊗ U
k) such that
lim
t→∞
w∗t (ψ1(a)⊗ 1Uk)wt = ψ2(a)⊗ 1Uk for all a ∈ C ⋊Λ Z
k, (e 9.327)
where A ⊂ B ∼= B ⊗U is a unital simple AF-algebra with a unique tracial state, with K0(B) =
ρB(K0(B) which is also a subring of R and with 1A = 1B , and where ψi = j ◦ ϕ
(k)
i (where
j : A⊗ Uk → B is a unital monomorphism ), i = 1, 2. defined in 4.3) i = 1, 2,
(2) We say C has the property (P2) with integer k, if the following statement holds:
Let Λ : Zk → Aut(C) be a homomorphism, let A ∼= A⊗U be a unital simple AF-algebra with
a unique tracial state and with K0(A) = ρA(K0(A)) which is also a subring of R. Suppose that
there is at least one unital monomorphism from C ⋊Λ Z
k to A. Suppose that j : C ⋊Λ Z
k → A
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is a unital monomorphism. Let ǫ > 0, F ⊂ C ⋊Λ Z
k be a finite subset and let P ⊂ K1(C ⋊Λ Z
k)
be a finite subset. There is δ > 0 and a finite subset {y1, y2, ..., ym} ⊂ K1(C ⋊Λ Z
k) satisfying
the following:
If β : K1(C ⋊Λ Z
k)→ K0(A) is a homomorphism with
ρA((β(yj))(τ) < δ, j = 1, 2, ...,m, (e 9.328)
where τ is the unique tracial state of A, then there exists a unitary u ∈ B such that
‖[ψ(a), u]‖ < ǫ for all a ∈ F and bott1(ψ, u)|P = β
′|P (e 9.329)
where ψ = j(k) and β′ = (j2)∗0 ◦ β (j2 : A is as in 4.3), where A ⊂ B ∼= B ⊗U is a unital simple
AF-algebra with a unique tracial state, with K0(B) = ρB(K0(B) which is also a subring of R
and with 1A = 1B (j2 : A→ B is the unital embedding).
(3) We say that C has the property (P3) with integer k, if the following statement holds:
Let Λ : Zk → Aut(C) be a homomorphism and let A ∼= A ⊗ U be a unital simple AF-
algebra with a unique tracial state τ and ρA(K0(A)) = K0(A). There exists at least one unital
monomorphism from C ⋊Λ Z
k into A.
Let h : (C ⋊Λ Z
k) ⊗ C(T) → A be a unital monomorphism. Let {α1, α2, ..., αk} be the set
of generators of Λ(Zk) and defined Λk−1 : Z
k−1 → Aut(A) by {α1, α2, ..., αk−1}. For any ǫ > 0
and a finite subset F ⊂ C ⋊Λ Z
k, there exists δ > 0, η > 0, a finite subset G ⊂ C ⋊Λ Z
k, a finite
subset G¯ ⊂ C ⋊Λk−1 Z
k−1 ⊗C(T) and a finite subset P ⊂ K1(C ⋊Λ Z
k) satisfying the following:
Suppose that there is a unitary v ∈ U(A) and a contractive completely positive linear map
L : (C ⋊Λk−1 Z
k−1)⊗ C(T)→ A such that
‖[h(a), v]‖ < δ for all a ∈ G,bott1(h, v)|P = 0 and (e 9.330)
τ ◦ h|(C⋊Λk−1Z
k−1)⊗C(T) ≈η τ ◦ L on G¯, (e 9.331)
and
L ≈δ h on G and L(1⊗ z) ≈δ v (e 9.332)
and where z ∈ C(T) is the identity function on the unit circle. Then there exists a unitary
W ∈ B ⊗ Uk such that
‖[h(k)(c), W ]‖ < ǫ for all c ∈ F and (e 9.333)
W ∗(v ⊗ 1Uk)W ≈ǫ h(1 ⊗ z)⊗ 1Uk , (e 9.334)
where A ⊂ B ∼= B ⊗U is a unital simple AF-algebra with a unique tracial state, with K0(B) =
ρB(K0(B) which is also a subring of R and with 1A = 1B .
(4) We say that C has the property (P4) with integer k, if the following holds:
Let Λ : Zk → Aut(C) be a homomorphism and let A ∼= A ⊗ U be a unital simple AF-
algebra with unique tracial state τ and ρA(K0(A)) = K0(A). There exists at least one unital
monomorphism from C ⋊Λ Z
k into A. For any ǫ > 0 and a finite subset F ⊂ C ⋊Λ Z
k, there
exists δ > 0, a finite subset G ⊂ C ⋊α Z and a finite subset P ⊂ K(C ⋊Λ Z
k) satisfying the
following:
Suppose that ϕ : C⋊ΛZ
k → A is a unital monomorphism and suppose that there is a unitary
v ∈ U(A) such that
‖[ϕ(a), v]‖ < δ for all a ∈ G and bott1(ϕ, v)|P = 0. (e 9.335)
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Then there exists a continuous path of unitaries {vt : t ∈ [0, 1]} ⊂ U(B ⊗ U
k) such that
v0 = v ⊗ 1Uk , v1 = 1A⊗Uk , ‖[ϕ
(k)(a), vt]‖ < ǫ (e 9.336)
for all a ∈ F and t ∈ [0, 1], and
Length({vt}) ≤ 2π +min{ǫ, 1}., (e 9.337)
where A ⊂ B ∼= B ⊗U is a unital simple AF-algebra with a unique tracial state, with K0(B) =
ρB(K0(B) which is also a subring of R and with 1A = 1B .
Lemma 9.2. Let C0 be a unital separable amenable C
∗-algebra in N which has the property (P4)
with integer k − 1 > 0 and let Λ : Zk → Aut(C0) be a homomorphism such that {α1, α2, ..., αk}
forms a set of generators of Λ(Zk). Let Λk−1 : Z
k−1 → Aut(C0) be defined by {α1, α2, ..., αk−1}.
For any ǫ > 0 and finite subset F ⊂ C0 ⋊Λk−1 Z
k−1, there is δ > 0, a finite subset G ⊂
C0 ⋊Λk−1 Z
k−1 and a finite subset P ⊂ K1(C0 ⋊Λk−1 Z
k−1) satisfying the following:
Suppose that A ∼= A ⊗ U is a unital simple AF-algebra with a unique tracial state and with
K0(A) = ρA(K0(A)), suppose that ϕ : C0 ⋊Λ Z
k → A is a unital monomorphism and suppose
that there is a unitary v ∈ U(A) such that
‖[v, ϕ(a)]‖ < δ, for all a ∈ G and bott1(ϕ, v)|P = 0 (e 9.338)
then there is a unitary w ∈ B ⊗ Uk such that
w∗(ϕ(k−1)|C0⋊Λk−1Z
k−1(a)⊗ 1Uk)w ≈ǫ ϕ
(k−1)|C0⋊Λk−1Z
k−1(a)⊗ 1Uk (e 9.339)
for all a ∈ F and (e 9.340)
w∗u(v ⊗ 1Uk)w ≈ǫ u, (e 9.341)
where u = ϕ(k)(uα) and where A ⊂ B ∼= B ⊗ U is a unital simple AF-algebra with a unique
tracial state, with K0(B) = ρB(K0(B) which is also a subring of R and with 1A = 1B .
Proof. Let C = C0 ⋊Λk−1 Z
k−1. The proof is exactly the same as that of 3.2. However, instead
of using ϕ′, we use ϕ(k−1) and instead of applying the Basic Homotopy Lemma for AH-algebras,
we apply the property (P4) with integer k − 1.
Theorem 9.3. Let C0 be a unital separable amenable C
∗-algebra in N which has the property
(P1) with integer k − 1 and (P4) with integer k − 1 > 0.
Let Λ : Zk → Aut(C) be a homomorphism and let A ∼= A⊗U be a unital simple AF-algebra
with a unique tracial state τ and K0(A) = ρA(K0(A)). Suppose that {α1, α2, ..., αk} forms a set
of generators for Λ(Zk). Denote Λk−1 : Z
k−1 → Aut(C0) be defined by {α1, α2, ..., αk−1}.
Suppose that ϕ1, ϕ2 : C ⋊Λ Z
k → A are two unital monomorphisms such that
τ ◦ ϕ1 = τ ◦ ϕ2. (e 9.342)
Suppose also that
Rϕ1◦j0,ϕ2◦j0(K1(C0 ⋊Λk−1 Z
k−1)) ⊂ ρA(K0(A)), (e 9.343)
where j0 : C0 ⋊Λk−1 Z
k−1 → C0 ⋊Λ Z
k is the embedding.
Then there exists a sequence of unitaries {wn} ⊂ U(B ⊗ U
k) such that
lim
n→∞
adwn ◦ ψ
(k)
1 (a) = ψ
(k)
2 (a) for all a ∈ C ⋊α Z, (e 9.344)
where A ⊂ B ∼= B ⊗ U is a unital simple AF-algebra with a unique tracial state, with K0(B) =
ρB(K0(B) which is also a subring of R and with 1A = 1B .
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Proof. Let C = C0 ⋊Λk−1 Z
k−1. The proof of this is exactly the same as that of 3.6. However,
instead of applying 10.7 of [49], (where AH-algebra is used) we use the property (P1), and
instead of applying 3.2, we apply 9.2.
Theorem 9.4. Let C00 be a unital separable amenable C
∗-algebra in N which has the property
(P1) with integer k − 1.
Then C00 has the property (P2) with k.
Proof. Let Λ : Zk → Aut(C00) be homomorphism, let {α1, α2, ..., αk} forms a set of generators for
Λ(Zk) and let Λk−1 : Z
k−1 → Aut(C00) defined by {α1, α2, ..., αk−1}. Define C0 = C00⋊Λk−1Z
k−1.
The proof is very much the same of that 4.4 but we apply the properties (P1) instead of using
the assumption that C0 is an AH-algebra. We proceed the same proof until (e 4.137). Note
that, since C00 satisfies property (P1) with integer k − 1, 9.3 holds. Next, instead of applying
3.6, we apply 9.3 to obtain a unital simple AF-algebra B1 ⊃ B (B as in the proof of 4.4) with a
unique tracial state, with K0(B1) = ρB(K0(B1)) which is also a subring of R and with 1B = 1B1
for which B1 ∼= B1 ⊗ U , and a unitary w ∈ B1 ⊗ U
k such that (e 4.138)holds with ψ1 replaced
(h ◦ j1)
(k) and ψ replaced by j(k). Then (e 4.139) follows (with ψ replaced by j(k)).
Lemma 9.5. Let C00 be a unital separable amenable C
∗-algebra in N which has the property
(P2) with k − 1, let Λ : Zk → Aut(C00) be a homomorphism such that {α1, α2, ..., αk} forms a
set of generators of Λ(Zk) and let Λk−1 : Z
k−1 → Aut(C00) be defined {α1, α2, ..., αk−1}.
Let C0 = C00 ⋊Λk−1 Z
k−1, let A ∼= A⊗U be a unital simple AF-algebra with a unique tracial
state τ and with K0(A) = ρA(K0(A)) and let j : C00 ⋊Λ Z
k → A be a unital monomorphism,
let ǫ > 0, F ⊂ C0 be a finite subset and P ⊂ K(C0) be a finite subset. There is δ > 0, a finite
subset G ⊂ C0, and integer K and a finite subset Q ⊂ K(C00 ⋊Λ Z
k) satisfying the following:
Suppose that v ∈ U(A) is a unitary such that
‖[j(a), v]‖ < δ for all a ∈ G and (e 9.345)
[L]|Q = [j]|Q, (e 9.346)
where L : C00 ⋊Λ Z
k → A is a contractive completely positive linear map such that
‖L(
K∑
k=−K
fku
k
α)−
K∑
k=−K
j(fk)(j(uα)v)
k‖ < δ (e 9.347)
for all fk ∈ G. Then there exists a unitary w ∈ U(B ⊗ U
k) such that
‖[j(k)(a), w]‖ < ǫ for all a ∈ F and (e 9.348)
bott1(j
(k)|C0 , j
(k)(uα)
∗w∗j(k)(uα)(v ⊗ 1Uk)w)|P = 0, (e 9.349)
where A ⊂ B ∼= B ⊗ U is a unital simple AF-algebra with a unique tracial state, with K0(B) =
ρB(K0(B)) which is also a subring of R and with 1A = 1B .
Proof. The proof of this lemma is almost the same as that of 5.2 but we apply the property
(P2) (with k − 1) instead of Lemma 7.3 of [49]. We proceed as follows.
We will keep the first paragraph of that proof and keep the line which defines P. Let η > 0
(in place of δ), {y1, y2, ..., ym} ⊂ K1(C0)) be required by (P2) for ǫ0/2 > 0, {x1, x2, ..., xk} and
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F1.We then remove the paragraph related to Lemma 7.3 of [49] right after the line which defines
P.
We then continue the same proof until the line right after (e 5.162). We replace the next line
by the following:
By (e 5.149) and by property (P2) with k−1 for C00, there is a unitary w ∈ B⊗U
k such that
(e 5.163) holds with j replaced by j(k), where A ⊂ B ∼= B⊗U is a unital simple AF-algebra with
a unique tracial state, with K0(B) = ρB(K0(B) which is also a subring of R and with 1A = 1B .
The rest of the proof remains the same by replacing j by j(k) and v by v ⊗ 1Uk .
Theorem 9.6. Let C0 be a unital separable amenable C
∗-algebra in N which has property (P1),
(P2), (P3) and (P4) with k − 1.
Then C0 has the property (P3) with integer k .
Proof. The proof is the same as that of 5.3. The main difference is that we will use property
(P3) instead of 2.13.
We proceed as follows:
Let Λ : Zk → Aut(C0) be a monomorphism such that {α1, α2, ..., αk} forms a set of generators
for Λ(Zk) and let Λj : Z
j → Aut(C0) defined by {α1, α2, ..., αj} (1 ≤ j ≤ k − 1).
Define C = C0 ⋊Λk−1 Z
k−1.
Since C0 has property (P1), (P2), (P3) and (P4) (with k − 1), 9.2 and 9.5 hold.
We will not make changes from the beginning of the proof to (e 5.177) and keep the definition
of τ0 with only a couple of exceptions: We will not apply 3.2, but apply 9.2, not 5.2 but 9.5. So
we replace 3.2 by 9.2 and replace 5.2 by 9.5 in these lines. We also need, however, replace α by
αk.
We may also assume that G2 = G0∪{1⊗z} for some finite subset G0 ⊂ C and G
′
2 = G
′
0∪{1⊗z}
for some finite subset G′0.
After we define τ0 (right after (e 5.177)), we will apply property (P3) with integer k − 1.
Let 0 < δ3 < δ2 (in place of δ), η > 0, G˜ ⊂ C0 ⋊Λk−1 Z
k−1 (in place of G) be a finite subset,
G¯1 ⊂ (C0 ⋊Λk−2 Z
k−2)⊗ C(T) (in place of G¯) be a finite subset required and P4 ⊂ K1(C) be a
finite subset required by (P3) (with k − 1) for min{δ2/4, ǫ/4} and G
′
0.
As in the proof of 5.3, without loss of generality, we may assume that G¯1 = G
′
3 ⊗ G
′′
3 , where
{1C} ⊂ G
′
3 ⊂ C and {1C(T), z} ⊂ G
′′
3 ⊂ C(T) are finite subsets.
We delete the lines after the definition of τ0 until the definition of j0 of the proof of 5.3.
Keep the definition of j0 and put P = (j0)∗1(P4) and keep the same η1. We keep the next few
lines but stop right after (e 5.180) and replace (e 5.172) by (e 9.330), (e 5.173) by (e 9.331) and
(e 5.174) by (e 9.332). Since we assume that (e 9.332) holds, we have
bott1(h|C , v)|P4 = 0. (e 9.350)
By applying property (P3) (with k − 1), we obtain a unitary w′0 ∈ B1 ⊗ U
k−1 such that
‖[(h|C )
(k−1)(c), w′0]‖ < min{δ2/4, ǫ/2} for all c ∈ G
′
0 and (e 9.351)
(w′0)
∗(v ⊗ 1Uk−1)w
′
0 ≈ min{δ2/4,ǫ/2}h(1C0 ⊗ z)⊗ 1Uk−1 , (e 9.352)
where A ⊂ B1 ∼= B1 ⊗ U is a unital simple AF-algebra with a unique tracial state, with
K0(B1) = ρB1(K0(B1)) which is also a subring of R and with 1A = 1B1 .
Define w0 = w
′
0 ⊗ 1U . Then
‖[h(k)(c), w0]‖ < min{δ2/4, ǫ/2} for all c ∈ G
′
0 and (e 9.353)
(w0)
∗(v ⊗ 1Uk)w0 ≈ min{δ2/4,ǫ/2}h(1C0 ⊗ z)⊗ 1Uk (e 9.354)
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Define V = (h(k)(uαk))
∗w∗0h
(k)(uαk)w0.We then continue the same proof as in 5.3 as follows.
We have
‖[h(k)(a), V ]‖ < min{ǫ/2, δ2/4} for all a ∈ G
′
2. (e 9.355)
Thus, there exists a unital contractive completely positive linear map L1 : C ⋊Λ Z
k ⊗ C(T) →
A⊗ Uk which satisfies (e 5.176) (replacing α by αk and h by h
(k)) with v′ = V. Therefore
L1 ≈δ2 h
(k) on G′′2 and L1(uαk) ≈δ2 h
(k)(uαk)V. (e 9.356)
Note that
[L1]|P2 = [h
(k)]|P2 (e 9.357)
By the assumption (e 9.330) and by (e 9.354),
bott1(adw0 ◦ h
(k), v ⊗ 1Uk ]‖|P3 = bott1(adw0 ◦ h
(k), w∗0(v ⊗ 1Uk)w0)|P3 (e 9.358)
= bott1(h
(k), v)|P3 = 0. (e 9.359)
It follows that (since kerρB1 = {0})
[L1]|β(P3) = 0 = [h
(k)]|β(P3). (e 9.360)
Therefore, by applying 9.5, there is a unitary w1 ∈ U((B2 ⊗ Uk) such that
‖([h(k))(k)(a), w1]‖ < δ1/2 for all a ∈ G1 and (e 9.361)
bott1((h
(k))(k), V1)|P1 = 0, (e 9.362)
where V1 = (h
(k))(k)(uαk)
∗w∗1(h
(k))(k)(uαk)(V ⊗ 1Uk)w1 and where B1 ⊗ U
k ⊂ B2 ∼= B2 ⊗ U is a
unital simple AF-algebra with a unique tracial state, with K0(B2) = ρB2(K0(B2)) which is also
a subring of R and with 1B1⊗Uk = 1B2 . Note that
(h(k))(k)(uαk)(V ⊗ 1Uk) = w
∗
0h
(k)(uαk)w0 ⊗ 1Uk−1 ⊗ ı(uσ).
It follows from 9.2 that there exists a unitary w2 ∈ U(B2 ⊗ U
2k) such that
w∗2(((h
(k))(k))(k)(c))w2 ≈ǫ/2 ((h
(k))(k))(k)(a) for all a ∈ F (e 9.363)
w∗2(w
∗
1(w
∗
0h
(k)(uαk)w0 ⊗ 1Uk)w1)⊗ 1Uk ⊗ ı(uαk ) ≈ǫ/2 (h
(k))(k)(uαk)⊗ 1Uk−1 ⊗ ı(uαk). (e 9.364)
Define W1 = ((w0 ⊗ 1U )w1)⊗ 1U )w2. Then, by (e 9.353) and (e 9.354),
‖[((h(k))(k))(k)(c), W1]‖ < ǫ for all c ∈ F and (e 9.365)
W ∗1 (v ⊗ 1U3k)W ≈ǫ h(1⊗ z)⊗ 1U3k . (e 9.366)
Finally, we apply the absorption lemma 8.5 twice and 8.7 once.
Lemma 9.7. Let C be a unital separable amenable C∗-algebra in N and let Λ : Zk → Aut(C)
be a homomorphism. Suppose that C has property (P3) for k. Then C has the property (P4)
with k.
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Proof. The proof follows from that of 5.6 almost verbatim. We replace the application of 5.3
by the application of property (P3). So in (e 5.227), W should be in U(B1 ⊗ U
k), v¯ should be
replaced by v¯ ⊗ 1Uk , h(1 ⊗ z) ⊗ 1U replaced by h(1 ⊗ z) ⊗ 1Uk and ψ should be replaced by
ϕ(k), where A⊗ U ⊂ B ∼= B ⊗ U is a unital simple AF-algebra with a unique tracial state, with
K0(B) = ρB(K0(B)) which is also a subring of R and with 1A⊗U = 1B . For the rest of the proof,
we will continue use this W and replace 1U by 1Uk , ψ by ϕ
(k) and V by V ⊗ 1Uk (and λ(t) and
vt are in B ⊗ U
k).
Theorem 9.8. Let C be a unital separable amenable C∗-algebra in N and let Λ : Zk → Aut(C)
be a monomorphism.
Suppose that C satisfies property (P1), (P2), (P3) and (P4) for k − 1. Then C has property
(P1), (P2), (P3) and (P4) for k.
Proof. Since C has property (P1) (with integer k−1), 9.3 holds. It follows from 9.4 and 9.6 that
C has the property (P2) and (P3) for k. By 9.7, C also has the property (P4) for k. It remains
to show that C has property (P1) for k.
The proof is exactly the same as that of 6.1.
Suppose that {α1, α2, ..., αk} forms a set of generators for Λ(Z
k). Let Λk−1 : Z
k−1 → Aut(C)
be defined by {α1, α2, ..., αk−1.
In the proof of 6.1, we need to replace C by C ⋊Λk−1 Z
k−1, α by αk, ψ1 and ψ2 by ϕ
(k)
1 and
ϕ
(k)
2 , respectively. In particular, (e 6.248) holds for ϕ
(k)
1 and ϕ
(k)
2 (instead of ψ1 and ψ2). We
also replace A⊗ U by B1 ⊗ U
k for some unital simple AF-algebra B1 which has the properties:
(1) A ⊂ B1 ∼= B1 ⊗ U , (2) K0(B1) = ρB1(K0(B1)) is a subring of R, (3) 1A = 1B1 .
We will prepare to apply (P4) (with k) instead of 5.6. We will apply property (P2) (with
k). Hence (e 6.258) holds by replacing ψ′2 by (ϕ
(k)
2 )
(k). We proceed the same calculation and
apply property (P4) (with k) to obtain (e 6.281) with ψ′′2 being replaced by ((ϕ
(k)
2 )
(k))(k) and
with vn(t) ∈ B2 ⊗ U
k, for some unital simple AF-algebra B2 ∼= B2 ⊗ U which satisfies: (1)
B1 ⊗ U
k ⊂ B2, (2) K0(B2) = ρB2(K0(B2)) which is a subring of R, (3) 1B1⊗Uk = 1B2 .
We then obtain (e 6.282) with ψ′′1 and ψ
′′
2 being replaced by (ϕ
(k)
1 )
(k))(k) and (ϕ
(k)
2 )
(k))(k),
and with u(t) ∈ B2 ⊗ U
2k.
Finally, to obtain (e 6.241), we apply the absorption lemma 8.5 twice.
Theorem 9.9. Let C be a unital separable amenable C∗-algebra in N . Suppose that Λ : Zk →
Aut(C) is a homomorphism so that {α1, α2, ..., αk} forms a set of generators for Λ(Z
k) and
suppose that Λk−1 : Z
k−1 → Aut(C) defined by {α1, α2, ..., αk−1}.
Suppose that there is a unital monomorphism ϕ : C ⋊Λk−1 Z
k−1 → A, where A ∼= A⊗ U is a
unital simple AF-algebra with a unique tracial state τ and with K0(A) = ρA(K0(A)) such that
τ ◦ ϕ is αk-invariant.
Suppose C has property (P1) with k−1. Then there is a unital monomorphism ψ : C⋊ΛZ
k →
B for some unital simple AF-algebra with a unique tracial state τ1 and with K0(B) = ρB(K0(B))
such that
τ1 ◦ ψ ◦ j0 = τ ◦ ϕ, (e 9.367)
where j0 : C ⋊Λk−1 Z
k−1 → C ⋊Λ Z
k is the embedding.
Proof. The proof is an application of Theorem 5.5 of [49] exactly as in the proof of 7.1 (see also
7.2).
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Theorem 9.10. Let C be a unital separable AH-algebra and let Λ : Zk → Aut(C) be a monomor-
phism. Then C can be embedded into a unital simple AF-algebra if and only if C admits a faithful
Λ-invariant tracial state.
Proof. It suffices to show the “if part” of the theorem.
Suppose that {α1, α2, ..., αk} forms a set of generators for Λ(Z
k). Denote by Λj : Z
j →
Aut(C) defined by {α1, α2, ..., αj}, j = 1, 2, ..., k.
By 4.4, 5.3, 5.6 and 6.1, C has property (P1) (P2), (P3), (P4) for k = 1. Theorem 9.9 (or
8.6) implies that there is a unital monomorphism ϕ2 : C ⋊Λ2 Z
2 → A2, where A2 ∼= A2 ⊗ U is a
unital simple AF-algebra with a unique tracial state τ2 and with K0(A2) = ρA2(K0(A2)) such
that
τ2 ◦ ϕ2 ◦ j1 = t, (e 9.368)
where t is the chosen faithful Λ-invariant tracial state on C. In particular,
τ2 ◦ ϕ2 = τ2 ◦ ϕ2 ◦ αi, i = 1, 2, ..., k. (e 9.369)
We use the induction on k to prove the theorem.
Suppose that we have shown the following:
(1) C has the property (P1), (P2), (P3) and (P4) for i− 1.
(2) There is a monomorphism ϕi−1 : C ⋊Λi−1 Z
i−1 → Ai−1, where Ai−1 ∼= Ai−1 ⊗ U is a
unital simple AF-algebra with a unique tracial state τi−1 and with K0(Ai−1) = ρAi−1(K0(Ai−1))
such that
τi−1 ◦ ϕi−1 = τi−1 ◦ ϕ ◦ αl, l = 1, 2, ..., k. (e 9.370)
It follows from 9.8 that C has property (P1), (P2),(P3) and (P4) for i. It follows from 9.9
that there is a unital monomorphism ϕi : C ⋊Λi Z
i → Ai ∼= Ai ⊗ U for some unital simple
AF-algebra Ai with a unique tracial state τi and with K0(Ai) = ρAi(K0(Ai)) such that
τi ◦ ϕi ◦ ji = τi−1 ◦ ϕi−1, (e 9.371)
where ji : C ⋊Λi−1 Z
i−1 → C ⋊Λi Z
i is the embedding. By (e 9.370), we have
τi ◦ ϕi = τi ◦ ϕi ◦ αl, l = 1, 2, ...., k. (e 9.372)
Thus, there is a unital monomorphism ϕk : C ⋊Λ Z
k → Ak, where Ak ∼= Ak ⊗ U is a unital
simple AF-algebra with a unique tracial state τ and with K0(Ak) = ρAk(K0(Ak)).
Theorem 9.11. Let C be a unital AH-algebra and let G be a finitely generated (discrete)abelian
group. Suppose that Λ : G → Aut(C) is a homomorphism. Then C ⋊Λ G can be embedded into
a unital simple AF-algebra if and only if C admits a faithful Λ-invariant tracial state.
Proof. We use an argument of Nate Brown (see Remark 11.10 of [10]). Write G = Zk ⊕ G0,
where G0 is a finite group. By the Green’s theorem (Cor. 2.8 of [25]), there is a monomorphism
h : C ⋊Λ G → (C ⋊Λ|
Zk
Zk) ⊗ K. Since C ⋊Λ|
Zk
Zk has a faithful Λ|Zk -invariant tracial state,
there is a unital monomorphism ϕ : C ⋊Λ|
Zk
Zk → A for some unital simple AF-algebra. Then
ϕ gives a monomorphism ϕ1 : (C ⋊Λ|
Zk
Zk) ⊗ K → A⊗ K. Thus ϕ1 ◦ h gives a monomorphism
from C ⋊Λ G into A ⊗ K. Let e = ϕ1 ◦ h(1). Then e is a projection. Note that e(A ⊗ K)e is a
unital simple AF-algebra.
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Corollary 9.12. Let X be a compact metric space and Λ : Zk → Homeo(X) be a homomor-
phism, where Homeo(X) is the group of all homeomorphisms on X. Then the crossed product
C(X) ⋊Λ Z
k can be embedded into a unital simple AF-algebra if and only if there is a strictly
positive Λ-invariant probability Borel measure.
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